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We study reinforcement learning (RL) in a setting with a network of agents whose states and actions interact
in a local manner where the objective is to find localized policies such that the (discounted) global reward
is maximized. A fundamental challenge in this setting is that the state-action space size scales exponentially
in the number of agents, rendering the problem intractable for large networks. In this paper, we propose a
Scalable Actor Critic (SAC) framework that exploits the network structure and finds a localized policy that
is an O(p"T!)-approximation of a stationary point of the objective for some p € (0,1), with complexity that
scales with the local state-action space size of the largest k-hop neighborhood of the network. We illustrate

our model and approach using examples from wireless communication, epidemics and traffic.
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1. Introduction

The modeling and optimization of networked systems such as wireless communication networks
and traffic networks is a long-standing challenge. Typically analytic models must make numerous
assumptions to obtain tractable models as a result of the complexity of the systems, which include

many unknown, or unmodeled dynamics. Given the success of Reinforcement Learning (RL) in a
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wide array of domains such as game play (Silver et al. 2016, Mnih et al. 2015), robotics (Duan et al.
2016), and autonomous driving (Li et al. 2019), it has emerged as a promising tool for tackling the
complexity of networked systems. However, when seeking to use RL in the context of the control
and optimization of large-scale networked systems, scalability quickly becomes an issue. The goal
of this paper is to develop scalable multi-agent RL for networked systems.

Motivated by real-world networked systems like wireless communication, epidemics, and traffic,
we consider an RL model of n agents with local interaction structure. Specifically, each agent
has local state s;, local action a; and the agents are associated with an underlying dependence
graph G and interact locally, i.e, the distribution of s;(t + 1) only depends on the current states
of the local neighborhood of i as well as the local a;(t). Further, each agent is associated with
stage reward r; that is a function of s;, a;, and the global stage reward is the average of r;. In this
setting, the design goal is to find a decision policy that maximizes the (discounted) global reward.
This setting captures a wide range of applications, e.g. epidemics (Mei et al. 2017), social networks
(Chakrabarti et al. 2008, Llas et al. 2003), wireless communication networks (Zocca 2019, Vogels
et al. 2003), queueing networks (Papadimitriou and Tsitsiklis 1999), smart transportation (Zhang
and Pavone 2016), and smart building systems (Wu et al. 2016, Zhang et al. 2017).

A fundamental difficulty when applying RL to such networked systems is that, even if individ-
ual state and action spaces are small, the entire state profile (sq,...,s,) and the action profile
(ai,...,a,) can take values from a set of size exponentially large in n. This “curse of dimensional-
ity” renders the problem unscalable. For example, most RL algorithms such as temporal difference
(TD) learning or @)-learning require storage of a Q-function (Bertsekas and Tsitsiklis 1996) whose
size is the same as the state-action space, which is exponentially large in n. Such scalability issues
have indeed been observed in previous research on variants of the problem we study, e.g. in multi-
agent RL (Littman 1994, Bu et al. 2008) and factored Markov Decision Process (MDP) (Kearns
and Koller 1999, Guestrin et al. 2003). A variety of approaches have been proposed to manage

this issue, e.g. the idea of “independent learners” in Tan (1993), Claus and Boutilier (1998); or
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function approximation schemes (Tsitsiklis and Van Roy 1997). However, such approaches lack
rigorous optimality guarantees. In fact, it has been suggested that such MDPs with exponentially
large state spaces may be fundamentally intractable, e.g., see Blondel and Tsitsiklis (2000).

In addition to the scalability issue, another challenge is that, even if an optimal policy that
maps a global state (sy,...,s,) profile to a global action (ay,...,a,) can be found, it is usually
impractical to implement such a policy for real-world networked systems because of the limited
information and communication among agents. For example, in large scale networks, each agent
1 may only be able to implement localized policies, where its action a; only depends on its own
state s;. Designing such localized policies with global network performance guarantees can also be
challenging, e.g., see Rotkowitz and Lall (2005).

The challenges described above highlight the difficulty of applying RL to control large scale
networked systems; however, the network itself provides some structure, particularly the local
interaction structure, that can potentially be exploited. The question that motivates this paper
is: Can the network structure be utilized to develop scalable RL algorithms that provably find a
(near-)optimal localized policy?

Contributions. In this work we propose a framework that exploits properties of the network
structure to develop RL to learn localized policies for large-scale networked systems in a scalable
manner. Specifically, our main result (Theorem 1) shows that our algorithm, Scalable Actor Critic
(SACQC), finds a localized policy that is a O(p"™!)-approximation of a stationary point of the objec-
tive function, with complexity that scales with the local state-action space size of the largest k-hop
neighborhood. To the best of our knowledge, our results are the first to provide such provable
guarantees for scalable RL of localized policies in multi-agent networked settings.

The key technique underlying our results is we prove that, under the local interaction structure,
the Q-function satisfies an ezponential decay property (Definition 1), where the @-function’s depen-
dence on far away nodes shrink exponentially in their graph distance with rate p <~, where v is

the discounting factor. This leads to a tractable approximation of the Q-function. In particular,
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despite the Q-function itself being intractable to compute due to the large state-action space size,
we introduce a truncated Q-function which only depends on a small spatial horizon, (see Lemma
3) that can be computed efficiently and can be used in an actor-critic framework which yields an
O(p")-approximation. This technique is novel and is a contribution in its own right. It can be used
broadly to develop RL for networked settings beyond the specific actor-critic algorithm we propose
in this paper.

To illustrate our model and our results, we provide stylized examples of applications in three
areas: multi-access wireless communication, epidemics, and traffic signal control in Section 2.2.
We conduct numerical experiments to demonstrate the performance of the approach using both
synthetic examples and an application to wireless communication in Section 5.

Related Literature. Our problem falls into the category of the “succinctly described” MDPs in
Blondel and Tsitsiklis (2000, Section 5.2), where the state/action space is a product space formed
by the individual state/action space of multiple agents. As the state/action space is exponentially
large, such problems are not scalable in general, even when the problem has structure (Blondel
and Tsitsiklis 2000, Whittle 1988, Papadimitriou and Tsitsiklis 1999). Despite this, there is a large
literature on RL/MDPs in multi-agent settings, which we discuss below.

Multi-agent RL dates back to the early work of Littman (1994), Claus and Boutilier (1998),
Littman (2001), Hu and Wellman (2003) (see Bu et al. (2008) for a review) and has been actively
studied, e.g. Zhang et al. (2018), Kar et al. (2013), Macua et al. (2015), Mathkar and Borkar (2017),
Wai et al. (2018), see a more recent review in Zhang et al. (2019). Multi-agent RL encompasses a
broad range of settings including competitive agents and Markov games. The case most relevant to
ours is the cooperative multi-agent RL where typically, the agents can take their own actions but
they share a common global state and maximize a global reward (Bu et al. 2008). This is in contrast
to the model we study, in which each agent has its own state and acts upon its own state. Despite
the existence of a global state, multi-agent RL still faces scalability issues since the joint-action

space is exponentially large. Methods have been proposed to deal with this, including independent
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learners (Tan 1993, Claus and Boutilier 1998, Matignon et al. 2012), where each agent employs
a single-agent RL method. While successful in some cases, the independent learner approach can
suffer from instability (Matignon et al. 2012). Alternatively, one can use function approximation
schemes to approximate the large Q-table, e.g. linear function approximation (Zhang et al. 2018) or
neural networks (Lowe et al. 2017). Such methods can reduce computation complexity significantly,
but it is unclear whether the performance loss caused by the function approximation is small. In
contrast, our technique not only reduces computation but also guarantees small performance loss.

Factored MDPs are problems where every agent has its own state and the state transition
factorizes in a way similar to our model (Kearns and Koller 1999, Guestrin et al. 2003, Osband and
Van Roy 2014). However, they differ from the model we consider in that each agent does not have its
own action. Instead, there is a global action affecting every agent. Despite the difference, Factored
MDPs still suffer from scalability issues. Similar approaches as in the case of multi-agent RL are
used, e.g., Guestrin et al. (2003) proposes a class of “factored” linear function approximators;
however, it is unclear whether the loss caused by the approximation is small.

Other Related Work. Our work is also related to weakly coupled MDPs, where every agent has
its own state and action but their transition is decoupled (Meuleau et al. 1998). Additionally, our
model shares some similarity with Glauber dynamics in physics (Lokhov et al. 2015, Mezard and
Montanari 2009), though our focus is very different from these works. As we consider the class of
localized policies, another related line of work is Partially-Observable MDP (POMDP) (Nair et al.
2005, Oliehoek and Amato 2016, Bertsekas 2005), though the formulations and results we have are
very different from those works. Finally, this work is related to our earlier work Qu and Li (2019),
which assumes the full knowledge of the MDP model (not RL) and imposes strong assumptions
on the graph. In contrast, our work here does not need knowledge of the MDP and significantly

relaxes the assumptions.

2. Preliminaries

In this section, we introduce our model, provide a few illustrative examples, and provide important

background in RL that underlies our analysis. Throughout this paper, || - || denotes Euclidean norm
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and | - ||~ denotes infinity norm. Notation ¢ and T are reserved as iteration counters for the inner
loop of the algorithm to be introduced later, m and M for the outer loop, and & is used for counting
the hops of neighbors. Notation O(-) hides constants and O(-) hides log factors with respect to
iteration variables T, M and variable k. The total variation distance for two distributions 7, 7" over

a finite set S is defined as TV (7, 7") =supp s |7(E) —7'(E)|.

2.1. Model

We consider a network of n agents that are associated with an underlying undirected graph G =
(N, E), where N ={1,...,n} is the set of agents and £ C N x N is the set of edges. Each agent
1 is associated with state s; € S;, a; € A; where S; and A; are finite sets. The global state is
denoted as s = (s1,...,8,) € S:=8; X --- x S,, and similarly the global action a = (a4,...,a,) €
A:=A; x---x A,. At time t, given current state s(t) and action a(t), the next individual state

si(t+1) is independently generated and is only dependent on neighbors:

P(s(t+1)|s(t),a(t)) = [ ] P(si(t + Dlsn, (1), ai(t)), (1)
i=1
where notation N; means the neighborhood of i (including i itself) and notation sy, means the states
of the agents in N;. In addition, for integer x > 0, we use N/ to denote the x-hop neighborhood
of i, i.e. the nodes whose graph distance to 7 has length less than or equal to k. We also let
f(k) =sup; [NF|.

FEach agent is associated with a class of localized policies Cf) ¢ parameterized by 6;. The localized
policy ¢%(a;]s;) is a distribution on the local action a; conditioned on the local state s;, and each
agent, conditioned on observing s;(t), takes an action a;(t) independently drawn from ¢ (-|s;(t)).
We use 0 = (04,...,0,) to denote the tuple of the localized policies (fi, and also use (?(als) =
I, Cf “(a;|s;) to denote the joint policy, which is a product distribution of the localized policies
as each agent acts independently.

Further, each agent is associated with a stage reward function r;(s;, a;) that depends on the local

state and action, and the global stage reward is r(s,a) = £ 3" | 7;(s;,a;). The objective is to find
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localized policy tuple 6 such that the discounted global stage reward is maximized, starting from

some initial state distribution g,

max J(0) := B Bao)nco (1)) [ZW(S“)’ a(t))
t=0

5(0) = s} . 2)

REMARK 1. In the state transition (1) of our model, the distribution of each node’s next state is
allowed to depend on its neighbors’ states sy, (t), but only on its own action a;(t) as opposed to
its neighbors’ actions ay,(t). This restriction is imposed only for simplicity of exposition. With a
simple change of notation, our model, algorithm and analysis can be extended to the more general
dependence on ay, (t). Similarly, each agent’s reward function r;(s;, a;) can be generalized to depend
on its neighbors’ state-action pairs, i.e. r;(sy,,an,), and each agent’s localized policy can also be

generalized to depend on its neighbors’ states, i.e. ¢ (a;|sn;,)-

REMARK 2. In the paper, the interaction graph G is undirected, but our model and results can be
easily generalized to the directed graph setting without essential change in the algorithm and the
analysis. In detail, to generalize to the directed graph case, the only change needed is to redefine
the “neighbors”. Specifically, N; needs to be redefined as the “in-neighborhood” of i (including i
itself), i.e. 7 itself and the set of nodes that have a directed link pointing towards 4. In addition, N/
needs to be redefined as the x-hop “in-neighborhood” of ¢, i.e. the nodes whose shortest directed

link to 7 has length less than or equal to x (including i itself).

2.2. Examples

In this section, we provide three networked system examples in wireless communication, epidemics,
and traffic that feature the local dependence structure we study in this paper. For ease of exposition,
we present simple versions of these examples, keeping the essence of the model and highlighting
the dependence structure while ignoring some application-specific details.

Wireless Communication. We consider a wireless network with multiple access points (Zocca
2019), where there is a set of users N = {1,2,--- ,n}, and a set of network access points ¥ =

{Y1,Y2,- - ,Ym}. Each user i only has access to a subset Y; CY of the access points. We define
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the interaction graph as the conflict graph, in which two users ¢ and j are neighbors if and only
if they share an access point, i.e. the neighbors of user i is N; = {j e N : Y, NY, # 0}. Each
user i maintains a queue of packets defined as follows. At time step t, with probability p;, user
1 receives a new packet with an initial deadline d;. Then, user ¢ can choose to send the earliest
packet in its queue to one access point in its available set Y;, or not send anything at all. If an
action of sending to y; € Y; is taken, and if no other users send to the same access point at this
time, then the earliest packet in user i’s queue is transmitted with success probability ¢, which
depends on the access point y;; however, if another user also chooses to send to y, then there is
a conflict and no transmission occurs. If the packet is successfully transmitted, it will be removed
from user i’s queue and user ¢ will get a reward of 1. After this, the system moves to the next
time step, with all deadlines of the remaining packets decreasing by 1 and packets with deadline
0 being discarded. In this example, the local state s; of user i is a characterization of its queue
of packets, and is represented by a d; binary tuple s; = (e1, ez, ,eq,) €S; = {0,1}%, where for
each £ €{1,...,d;}, e, € {0,1} indicates whether user i has a packet with remaining deadline ¢.
The action space is A; = {null} UY;, where null represents the action of not sending. The detailed
transition is provided in Table 1, where s;(t + 1) only depends on sy, (t),an,(t), which fits into
the local interaction structure we consider. The local reward is given by r;(sn,(t),an,(t)) =1 in
the case of the last row of Table 1, and 7;(sy,(t),an,(t)) = 0 in all other cases. The local state
space S;, the action space A;, the local transition probabilities in Table 1 and the local reward
function r;(-) form a networked MDP model described in Section 2.1. The above model serves
as a basis for more complex multi-access wireless communication models studied in the literature,
including those with multiple channels (Block and Van Houdt 2016), (imperfect) carrier sensing
(Kim et al. 2011). Existing analytical approaches typically require knowledge of modeling details
and parameters such as the packet arrival rate (Tassiulas and Ephremides 1990, Yun et al. 2012),
while our RL-based approach does not require such knowledge and learns to improve performance

in a model-free manner.
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si(t) a;(t) sni/ (i (£)s an, /gy (£) si(t+1)
any null any Left shift s;(¢) and append Bernoulli(p;).
all zero  not null any Left shift s;(t) and append Bernoulli(p;).

3j € N, /{i} sit.
not all zero 1y, €Y; Left shift s;(¢) and append Bernoulli(p;).

s;(t) not all zero, a;(t) =y

Flip left most “1” in s;(t) to “0” w.p. qx,
all other cases (denote a;(t) =yy)

then left shift s;(¢) and append Bernoulli(p;).

Table 1 State transition for the wireless communication example. “Left shift” means for a binary tuple,
discarding the left most bit. Bernoulli(p;) means a random variable sampled i.i.d. from the Bernoulli distribution

that has probability p; to be 1, and probability 1 — p; to be 0.

Epidemic Network. We consider an SIS (Susceptible-Infected-Susceptible) epidemic network
model (Mei et al. 2017, Ahn 2014, Azizan Ruhi et al. 2016a), where there is a undirected graph of
nodes G = (N, &), and each node has a binary state space S; = {susceptible,infected}, as well as
a finite action space A; with action a; € A; representing epidemic control measures like different
levels of vaccination (Preciado et al. 2013). The evolution of the states follows a local interaction
structure: the probability of a node turning from susceptible to infected depends on the whether
its neighboring nodes are infected or not as well as its control action in place (Azizan Ruhi et al.
2016b, Preciado et al. 2013); the probability of a node turning from infected to susceptible depends
on the recovering rate. More precisely, s;(t + 1) only depends on sy, (t) and a;(t), and the state

transition is provided by,

[1— Bi(a;(t))|eNi/ ks (=13 " if g, (¢) = susceptible,
P(s;(t+1) =susceptible|sy, (t),a;(t)) =
ds, if s;(t) = infected,
(3)

where §; € (0,1) is a given recovering rate parameter, and 5, : A; — (0,1) is a given transmission

rate function and it depends on the control action a,(t), and [{j € N;/{i} : s;(¢t) = 1}| is the number
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of neighboring nodes excluding ¢ itself that are infected. The local reward of each node is given by,
r;(si,a;) = 1(s; = susceptible) — ¢;(a;), (4)

which consists of two parts: a positive reward of 1 if the node is free from infection, subtracting
a given cost function ¢;(a;) on the epidemic control measure a;. In this setup, the expected global
reward is a weighted balance between the overall infection level and the epidemic control cost. The
above defined local state space S;, local action space A;, local transition probabilities in (3) and
local rewards in (4), form a networked MDP model in Section 2.1. We comment that the above
SIS model is a basis for more complex models, e.g. those with “exposed” and “recovered” states
(Kuznetsov and Piccardi 1994, Britton 2010) or more complex control interventions (Morris et al.
2020). These more complex models can also be captured using the framework above. We reiterate
that the approach in our paper does not require advanced knowledge of model specifications and
learns in a model-free manner.

Traffic Network. Lastly, we consider a traffic signal control problem adapted from Varaiya
(2013). In this setting, each node i represents a road link and the interaction graph represents the
physical connection of the road links. Given road link 4, the local state s; = (;;):—; is a tuple of
variables with j ranging from neighboring links i can turn to, and z; ; is the number of vehicles on
link 4 that intend to turn to link j, and can only take values in [S]={0,1,...,S}. Correspondingly,
the local state space is S; = [S]"i/{}. Similarly, the local action a; = (y; ;);_; is the binary traffic
signal tuple with y; ; controlling the on-off of turn movement (i — j), and the local action space is
A; = {0, 1N/} At each time, a random amount of vehicles on the queue z; ; will flow into link
j when the traffic signal y; ; is on. Meanwhile, link ¢ will receive vehicles from other incoming links,
a random fraction of which are then assigned to each of the queues in (z; ;),—;. Mathematically,

S

zij(t+1)= [wi,j(t) —min(C; ;(1)yi;(t), i ; () + Z min(Cy, ; () yr.i(t), z.i(t)) Ri; (t) )’ (5)

where [z]§ means max(min(z,S),0), C;;(t) (and similarly Cy;(¢)) is an i.i.d. random variable

indicating the random amount of vehicles leaving ¢ for j, and R;;(¢) is an i.i.d. random variable
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that controls the split of inflow to link 7 to the queue z; ;(t). See Varaiya (2013) for the complete
details. Given a fixed distribution on the random variables C; ;(t), R; ;(t), (5) provides a complete
characterization of the distribution of s;(¢t + 1) conditioned on sy, (t) and ay,(t), in which the
local state at each link s;(t+ 1) only depends on its neighbors’ current states and current actions,
which fits into our local interaction structure (equation (1) and Remark 1). The local reward is
a characterization of the congestion level at link ¢, and one version of the reward is the negative
queue length

Ti(siaai):_ Z L j- (6)

JEN; /{i}

The local state space S;, local action space A;, the local transition probabilities (5) and the local
rewards (6) form a networked MDP discussed in Section 2.1. We comment that policies for traffic
signal control, like the max pressure policy in Varaiya (2013), typically require knowledge of the
statistics of the random variables C;;(t) and R;;(t), while our approach learns from data in a

model-free manner.

2.3. Background in RL

To provide background for the analysis in this paper, we review a few key concepts in RL. First,
fixing a localized policy tuple 6 = (64,...,0,), an important notion is the @Q-function, which is
defined for policy 6 as a “table” of values for each state-action pair (s,a) € S x A and it is the
expected infinite horizon discounted reward under policy € conditioned on the initial state and

action being (s,a):

Q" (5,0) = Euyy—cot oo [Zws(tm(t» 5(0) = s,a(0) = }

1< =
“n Y Eaonct (s [thn(si(t), a;(t))
i=1 t

=0

0 =sa0)=a| =23 Qs (1)

In the last step, we have defined QY(s,a) which is the @ function for the individual reward r;. Both
QY and Q! are exponentially large tables and, therefore, are intractable to compute and store.
Additionally, another important concept we use is the policy gradient theorem, which provides

a characterization of the gradient of the objective J(#) and is the basis of many algorithmic results
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in RL. The policy gradient theorem shows that the gradient of J(6) depends on Q? and, therefore,

is intractable to compute using the form in Lemma 1.

LEMMA 1 (Sutton et al. (2000)). Let 7 be a distribution on the state space given by w°(s) =
(1—) Y27l (s), where ! is the distribution of s(t) under a fized policy 0 when s(0) is drawn
from my. Then, we have,

1
V‘](G) = ﬁEswﬂe,(L~C9(~\s) [QQ(S’ G)VIOg Cg(a‘s) : (8>

3. Algorithm Design and Results

In this paper we propose an algorithm, Scalable Actor Critic (SAC), which provably finds an
O(p"*t1)-stationary point of the objective J(0) (i.e. a 6 s.t. ||[VJ(0)]|*> <e) for some p <+, with
complexity scaling in the size of the local state-action space of the largest k-hop neighborhood. We
state our main result formally in Theorem 1 after introducing the details of SAC and the key idea

underlying its design.

3.1. Key ldea: Exponential Decay of ()-function Leads to Efficient Approximation

Recall that the policy gradient in Lemma 1 is intractable to compute due to the dimension of the
Q-function. Our key idea is that exponential decay of the @) function allows efficient approximation
of the Q-function via truncation. To illustrate this, we start with the definition of the exponential
decay property. Recall that N/ is the set of x-hop neighborhood of node i and define N*, = N /NF,
i.e. the set of agents that are outside of i’th x-hop neighborhood. We write state s as (sNin , sti), i.e.
the states of agents that are in the k-hop neighborhood of ¢ and outside of the x-hop neighborhood
respectively. Similarly, we write a as (a N{e,aNfi). The exponential decay property is then defined

as follows.

DEFINITION 1. The (¢, p)-exponential decay property holds if, for any localized policy 6, for any

i €N, syx € Snr, Snr ,8he €Sy, ans € Anr, anr aye € Ane , QU satisfies,
i i —i —i —1i i i —1i —i —1

|QF (s s anes ane,) = Q3 (sxp Slys s ang, alyn )| < cp™ .
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It may not be immediately clear when the exponential decay property holds. Lemma 2 (a) below
highlights that the exponential decay property holds generally with p =, without any assump-
tion on the transition probabilities except for the factorization structure (1) and the localized
policy structure. Further, many MDPs in practice have ergodicity and fast mixing properties, and
Lemma 2 (b) shows that when such fast mixing property holds, the (¢, p)-exponential decay prop-
erty holds for some p <y depending on the mixing rate. The proof of Lemma 2 is postponed to
Appendix A. The condition on mixing rate in Lemma 2 (b) is similar to those used in the literature
on finite-time analysis of RL methods, e.g. Zou et al. (2019). In fact, our condition is weaker than
the common mixing rate condition in that we only require the distribution of the local state-action
pair (s;(t),a;(t)) to mix, instead of the full state-action pair (s(t),a(t)). We leave it as future work

to study such “local” mixing behavior and its relation to the local transition probabilities (1).

LEMMA 2. Assume Vi, r; is upper bounded by 7. Then the following holds.

(a) The (1= ,7)-ezponential decay property holds.
(b) If there exists ¢ >0 and p € (0,1) s.t. under any policy 6, the Markov chain is ergodic and
starting from any initial state, TV (7, Too i) < ¢ ', ¥Vt, where m,; is the distribution of (s;(t),a;(t))

and T is the distribution for (s;,a;) in stationarity, and recall TV(-,-) is the total variation

distance. Then, the ( 2'r ~yu)-exponential decay property holds.

1—yp?

Our definition of exponential decay is similar in spirit to the “correlation decay”, or “spatial
decay” that has been studied in the literature (Gamarnik 2013, Gamarnik et al. 2014, Bamieh
et al. 2002), though these works consider very different settings. For example, Gamarnik (2013)
and Gamarnik et al. (2014) study optimization in a graphical model setting (no concept of state
and/or time), and show that the effect of cost functions far away on the optimal solution at
a particular node shrinks exponentially in their graph distance, under certain weak interaction
assumptions. Compared to these works where the optimization problem is static, we focus on an
MDP setting which has states that evolve on a time axis. Further, our exponential decay is in

terms of the @) functions, as opposed to the optimal solution. These being said, we believe there
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are deep connections between our results and that in Gamarnik (2013), Gamarnik et al. (2014),
and we leave the investigation of it as future work.

The power of the exponential decay property is that such properties usually lead to scalable
and distributed algorithm design, as in Gamarnik (2013). In our context, the exponential decay
property guarantees that the dependence of ¢ on other agents shrinks quickly as the distance
between them grows. This motivates us to consider the following class of truncated Q-functions,

Qf(SNf, anx) = E wi(snn,ans ;S ane)QF (S, Snn anre, anx ), 9)
SNfiesti’aNEieANEi

where w;(s NE 5 ANR SN, O Nf) are any non-negative weights satisfying

Z wi(sNEi,aNfi;st,aNf)zl, V(sNin,aNf)GSNik XANik. (10)
SNEZ-ESNEZ-’“NLEANL

With the definition of the truncated @-function, our key insight is the following Lemma 3, which
says when the exponential decay property holds, the truncated @Q-function (9) approximates the
full @-function with high accuracy and can be used to approximate the policy gradient. The proof

of Lemma 3 is postponed to Appendix B.

LEMMA 3. Under the (c, p)-exponential decay property, the following holds:

(a) Any truncated Q-function in the form of (9) satisfies,

sup  |QY (s, anx) — QY(s, a)| < cp™*.
(s,a)eSxA

(b) Given i, define the following truncated policy gradient,

~ 1

1 v N
hi(9) ]Es~7r97a~C9(~|s) ﬁvei IOngl(ai‘Si) Z Q?(SN;MN;) ) (11)

1=7 JENE
where Q? can be any truncated Q-function in the form of (9). Then, if |V, log ¢l (ails:)|| <

L, ,Va,,s;, we have Hih(@) — Vo, J(0)] < %p““.

The power of this lemma is that the truncated @ function has a much smaller dimension than
the true @ function, and is thus scalable to compute and store. However, despite the reduction in
dimension, the error resulting from the approximation is small. In the next section, we use this

idea to design a scalable algorithm.
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3.2. Algorithm Design: Scalable Actor Critic (SAC)

The good properties of the truncated @Q-function open many possibilities for algorithm design.
For instance, one can first obtain the truncated Q-function in some way (which could be much
easier than directly computing the full Q-function) and then do a policy gradient step using the
Lemma 3. In this subsection, we propose one particular approach using the actor-critic framework.
Our approach, Scalable Actor Critic (SAC), uses temporal difference (TD) learning to obtain the
truncated Q-function and then uses policy gradient for policy improvement. The pseudocode of
the proposed algorithm is given in Algorithm 1.

Overall structure. The overall structure of SAC is a for-loop from line 1 to line 13. Inside the
outer loop, there is an inner loop (line 4 through line 9) that uses temporal difference learning to get
the truncated Q-function, which is followed by a policy gradient step that does policy improvement.

The Critic: TD-inner loop. Line 4 through line 9 is the policy evaluation inner loop that obtains
the truncated @ function, where line 7 and 8 are the temporal difference update. We note that
steps 7 and 8 use the same update equation as TD learning, except that it “pretends” (s NE,Q Nf)
is the true state-action pair while the true state-action pair should be (s,a). As will be shown in
the theoretic analysis, such a TD update implicitly gives an estimate of a truncated ¢ function.

The Actor: policy gradient. Line 10 through line 12 define the actor actions. Here, each agent
calculates an estimate of the truncated gradient based on (11), and then conducts a gradient step.

Communication. To implement our training algorithm, each agent needs to communicate with
other agents in its xk-hop neighborhood in line 7 and line 11; after training is done, each agent imple-
ments its localized policy that does not need communication. This communication requirement is
weaker than the “centralized training with decentralized execution” paradigm in the multi-agent
RL literature (Lowe et al. 2017), where in the training phase, global communication is used. We
also comment that when x =0, our algorithm does not need communication and is effectively the
same as the independent learner approach in the literature (Tan 1993, Lowe et al. 2017), as each

agent simply runs a single agent actor-critic method based on its local state and local action.
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Algorithm 1: SAC: Scalable Actor Critic
Input: 6;(0); parameter x; T', length of each episode; step size parameters h,tg, 7.

1 for m=0,1,2,... do

2 Sample initial state s(0) ~ o, each agent i takes action a;(0) ~ ¢%"™ (-|s;(0)), receives
reward r;(0) = r;(s;(0), a;(0)).
3 | Initialize Q0 € R%F “*¥F to be the all zero vector.

4 for t=1to T do

5 Get state s;(t), take action a;(t) ~ ¢'*"™ (s;(t)), get reward r;(t) = r;(s:(t), as(t)).
6 Update the truncated @ function with step size a1 = ﬁ,
7 Qiswr(t—1),ans(t—1)) =
(1= @y )0 (st — 1)y ans (= 1)) + a1 (ra(t — 1)+ 70" (s (1), ans (1)),
8 Qt(swr,ans) =Q} (s, anx) for (syr,anx) # (snr(t —1),ans(t —1)).
9 end
10 Fach agent ¢ calculates approximated gradient,

1| Gm) = Y7 E S e @ (s (£), s (1) Vi, dog ¢ (a (1) (4)).

12 Each agent i conducts gradient step 0;(m + 1) = 60;(m) +n,,9:(m) with n,, = —L=.

13 end

When x > 1, our algorithm requires communication with agents beyond the direct 1-hop neighbors,
which may be unrealistic for some applications. An interesting future direction is to reduce the
communication requirements, e.g. potentially using consensus schemes like in Zhang et al. (2018),
and also techniques that only communicate quantized bits as opposed to real numbers (Magnusson
et al. 2020).

Discussion. Our algorithm serves as an initial concrete demonstration of how to make use of
the truncated @-functions to develop a scalable RL method for networked systems. There are many
extensions and other approaches that could be pursued, either within the actor-critic framework or

beyond. One immediate extension is to do a warm start, i.e., initialize Q? as the final estimate QZT
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in the previous outer-loop. Additionally, one can use the TD-\ variant of TD learning, incorporate
variance reduction schemes like the advantage function (Advantage Actor Critic), or incorporate
function approximation. Further, beyond the actor-critic framework, another direction is to develop
Q-learning/SARSA type algorithms based on the truncated @-functions. An appealing aspect of
Q-learning/SARSA algorithms is that they may exhibit better convergence properties, but the
challenge is that unlike the actor-critic framework, it is not straightforward to enforce the policy

to be local in Q-learning/SARSA algorithms. These are interesting topics for future work.

REMARK 3 (MODEL-BASED VS MODEL-FREE). We note that by using an actor-critic framework,
the proposed approach is model-free, meaning it does not explicitly estimate the transition proba-
bilities and the reward function. This is in contrast to model-based RL, which explicitly estimates
the transition probabilities (or parameters that determine the transition probabilities, like the 9;,
B:(+) parameter in the epidemic example in Section 2.2). On one hand, it is known that model-based
RL can be more sample efficient than model-free RL in certain circumstances (Tu and Recht 2019).
Additionally, for specific applications, model-based control design may come with properties like
robustness (Varaiya 2013). On the other hand, model-free RL offers more flexibility since it does
not impose assumptions on the model class. The comparison and tradeoff between model-based
and model-free approaches is an open research question and is beyond the scope of this paper. We

refer the reader to Tu and Recht (2019), Qu et al. (2020b) for more details.

3.3. Approximation Bound

In this section we state and discuss the formal approximation guarantee for SAC. Before stating
the theorem, we first state the assumptions we use. The first assumption is standard in the RL

literature and bounds the reward and state/action space size.

AssuMPTION 1 (Bounded reward and state/action space size). The reward is upper

bounded as 0 <r;(s;,a;) <7,Vi,s;,a;. The individual state and action space size are upper bounded

as ’Sl’ < S, ‘Az| SA,V’L
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AssumPTION 2 (Exponential Decay). The (c, p)-exponential decay property holds for some p <
5.
Note that under Assumption 1, Assumption 2 automatically holds with p =, cf. Lemma 2 (a).
However, we state the exponential decay property as an assumption to account for the more general
case that p could be strictly less than 7, cf. Lemma 2 (b).

Our third assumption can be interpreted as an ergodicity condition which ensures that the

state-action pairs are sufficiently visited.

AssuMPTION 3 (Sufficient Local exploration). There exists positive integer T and o € (0,1)
s.t. under any fized policy 6 and any initial state-action (s,a) € S x A, Vi € N,V(syr,a/yx) €

Snr X Anr, we have P((sNin(T),aNf (1)) = (SQVf,a’Nf)\(s(l),a(l)) =(s,a)) >o0.

Assumption 3 requires that every state action pair in the k-hop neighborhood must be visited
with some positive probability after some time. This type of assumption is common for finite time
convergence results in RL. For example, in Srikant and Ying (2019), Li et al. (2020), it is assumed
that every state-action pair is visited with positive probability in the stationary distribution and
the state-action distribution converges to the stationary distribution with some rate. This implies
our assumption which is weaker in the sense that we only require local state-action pair (s NES @ Nf)
to be visited as opposed to the full state-action pair (s,a). Having said that, we note that by making
Assumption 3, we do not consider the exploration-exploitation tradeoff, which is a challenging issue
even in single agent RL. One potential way to relax Assumption 3 is to use Upper Confidence
Bound (UCB) bonuses to encourage exploration, which has been proposed recently in single agent
RL (Jin et al. 2018). We leave the study of the exploration-exploitation tradeoff in the multi-agent
networked setting as future work.

Finally, we assume boundedness and Lipschitz continuity of the gradients, which is standard in

the RL literature.

AssuMPTION 4 (Bounded and Lipschitz continuous gradient). For any i, a;, s; and 0;, we
assume ||V, log ¢ (a;]s,)|| < Li. As a result, |Vylog¢®(als)|| < L =/>.._, L?. Further, assume

VJ(0) is L'-Lipschitz continuous in 6.
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With these assumptions in hand, we are ready to state our convergence result.

THEOREM 1. Under Assumption 1, 2, 3 and 4, for any 6 € (0,1), M >3, suppose the critic step

size ay = 1~ satisfies h > L max(2 ), to > max(2h,4ch,T); and the actor step size satisfies

t+to » 11— f

N = \/%7 with n < 4L, Further, if the inner loop length T is large enough s.t. T+ 1 > log,, @ +
(k+1)log, p and

C’a(i T) C:z - QCPKH

2nM < , (12)
VT +ty  Tto ™ (1-7)?
where C,(8,T) = l_ﬁfﬁ log(2L2) + f(k)log SA] and C, = \F ($87, 2 (T +to)), with

€=

(k) = max; |NJ| is the size of the largest k-neighborhood. Then,

with probability at least 1 — 0,

T 72
SaCamlIVI @) _ ey + ey os Mlos§ + e nlos M 1zp2r
ZZ:& Mm. B vVM+1 (1—~)5

ot (13)

The proof of Theorem 1 is deferred to Section 4. To interpret the result, note that the first term
in (13) converges to 0 in the order of ON(\/%) and the second term, which we denote as ¢, is the
bias caused by the truncation of the @Q-function and it scales in the order of O(p~*!). As such, our
method SAC will eventually find an O(p"*!)-approximation of a stationary point of the objective
function J(€), which could be very close to a true stationary point even for small k as e, decays
exponentially in .

In terms of complexity, (13) gives that, to reach a O(e,)-approximate stationary point, the
number of outer-loop iterations required is M > Q(E spoly(F, L, L', = w)))’ which scales polyno-
mially with the parameters of the problem. We emphasize that it does not scale exponentially
with n. Further, since the left hand side of (12) decays to 0 as T" increases in the order of O(%)
and the right hand side of (12) is in the same order as O(e,), the inner-loop length required is
T> Q(époly(ﬂ 2, ﬁj,f(n))). This iteration complexity for the inner loop can potentially be
further reduced if we do a warm start for the inner-loop, as the @-estimate from the previous

outer-loop should be already a good estimate for the current outer-loop. We leave the finite time

analysis of the warm start variant as future work.
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In the complexity bound, a key parameter is o, which we recall is defined in Assumption 3
and it roughly means the probability that a state-action pair in a x-hop neighborhood is visited.

Suppose we interpret o to scale with o ~ where we recall f(k) is the size of the largest

1
(S[TANTC)
k-hop neighborhood around any node, and (|S||A])/* is the largest state-action space size of k-hop
neighborhoods of any node. Then, the iteration complexity scales with £ ~ (|S||A[)7*), whereas the
steady state error depends on p**1. Therefore, s is a parameter that balances between complexity
and performance — the larger  is, the higher the complexity but the smaller the steady state error.
Exactly how the complexity grows depends on f(k), the size of x-hop neighborhoods, which in
turn depends on the topology of the interaction graph. On one hand, for a sparse graph where
f(k) is a constant much smaller than the number of nodes n, the state-action space size of x-hop
neighborhoods is much smaller than the global state-action space size, in which case our algorithm
can avoid the exponential scaling in n and is scalable to implement. In the case where the graph is
very dense or even complete, we have f(k) = Q(n) for any £ > 0 and our algorithm still suffers from
the curse of dimensionality as the complexity scales with (|.S]|A|)*(™). However, in the case of dense
or complete graphs, the local interaction structure becomes degenerate as it takes exponentially
many parameters to even specify the local transition probabilities in (1). How to handle the dense
or complete graph case remains an interesting future direction, and we believe more structural
assumptions are needed to break the curse of dimensionality in that case.

Another thing to note in Theorem 1 is that our guarantee is an upper bound on the running
average of the norm of the gradient and is essentially a local convergence guarantee. This kind of
local convergence is typical for actor-critic methods, see e.g. Konda and Tsitsiklis (2000), Zhang
et al. (2018). Recently, there have been works studying the optimization landscape for policy
optimization, showing that in single agent settings and for certain parameterizations of the policy,
the objective of the policy optimization problem J () may satisfy the gradient dominance property,
indicating any stationary point will be a global optimum (Bhandari and Russo 2019, Agarwal et al.

2021). One interesting future direction is to show whether similar properties hold in our multi-agent
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networked setting with local interaction structure, and whether the local convergence guarantee
can imply a global optimality guarantee.

When put in the context of the broader literature in multi-agent RL, our contribution can be
interpreted as follows. In multi-agent RL, the typical way to handle the curse of dimensionality
is to use function approximation of the @ function. For example, Zhang et al. (2018) uses linear
function to approximate the Q-function. Alternatively, it has also been popular to use neural
networks to do the approximation (Lowe et al. 2017). However, in these approximation methods,
the resulting steady state error in the actor-critic framework depends on the approximation error,
and it is generally unclear how to choose the function approximator that is both computationally
tractable and also accurate in representing the true @) function. In the context of these works, our
truncated @-functions can be viewed as a specific way of function approximation that exploits the
local interaction structure in our problem, and our method is not only computationally tractable

but also has a small approximation error.

4. Proof of Main Result

In this section, we provide the proof of the main result Theorem 1 with some auxiliary derivations
postponed to the appendix. As our algorithm is an actor-critic algorithm, the proof is divided into
two parts: firstly, we provide an analysis of the critic, i.e. TD learning that estimates the truncated
Q-function; secondly, we analyze the actor and finish the proof of Theorem 1.

Analysis of the critic. The first part of the analysis concerns the critic, and we show that
the critic inner loop converges to an estimate with steady-state error exponentially small in .

Specifically, recall that within iteration m the inner loop update is

Qi(snr(t—1),ans(t—1)) = (1= a—1)Q " (snr(t— 1), ans (t — 1))

o (ri(si(t = 1), ai(t = 1) +7Q (snp (1), anz (1)), (14a)

~

Qi (snm,ane) = Q1 (swr, ane) for (syr,anx) # (syx(t—1),anx(t—1)),  (14b)

h

A Syr XA o e el 1s
where @ € R™ ™7~ is initialized to be all zero, and a; = /-

is the step size. We note that

when implementing (14) within outer loop iteration m, trajectory (s(t),a(t)) is generated by the
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agents taking a fixed policy 6(m). Let Qf(m) € RS*4 be the true Q-function for reward r; under
this fixed policy #(m) as defined in (7). Given the above notation, we prove the following theorem
on the critic, which bounds the error between the approximation Q;‘F generated by (14) and the

true Q7.

THEOREM 2. Assume Assumption 1, 2, 8 are true and suppose to, h satisfies, h > imax(2, 171\5)

and ty > max(2h,4ch, 7). Then, inside outer loop iteration m, for each i € N, with probability at

least 1 — 6, we have the following error bound,

o(m) AT Ca c, 2cp™t!
su i s,a) —Q; (Snr,ans)| < + + ,
(s,a)ngA ’Q ( ) Q ( i . )} \/T+t0 T_I_tO (1 _’7)2

where

6€ Th 2772 2 16ehT 27
— n log SA /= 2

with € =475 427

g

The proof of Theorem 2 is postponed to Section 4.1. The result in Theorem 2 is an upper bound
of the infinity-norm error between the truncated @-function Q;‘F obtained by TD learning and the
true @Q-function. This error bound can be further decomposed into two parts - a transient part that
converges to zero in the order of O(% + %), and a steady state error that is exponentially small
in k. In proving Theorem 2, we use two key techniques. The first is using the exponential decay
property (cf. Definition 1, Lemma 2) to show that in “steady state”, the error of the truncated
Q@-function is bounded by O(p"**). This is possible due to our results in Lemma 3 which shows
the class of truncated @-functions are good approximations of the full @-function. Our second
proof technique is that we develop novel finite time analysis tools for TD learning to obtain the
finite time error bound. Our proof uses a novel recursive decomposition of the error. Compared to
existing work on finite time analysis on TD learning in Srikant and Ying (2019), our result does
not need the ergodicity assumption (the weaker Assumption 3 instead), and obtains error bounds

in the infinity norm as opposed to the (weighted) Euclidean norm in Srikant and Ying (2019). This

finite-time proof technique could be of independent interest.
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Analysis of the actor. We view the actor step as a biased stochastic gradient step, with
the bias characterized by our result in the critic (Theorem 2). Under this viewpoint, we finish the

analysis of the actor and the proof of the main result in Section 4.2.

4.1. Analysis of the Critic: Proof of Theorem 2

Since Theorem 2 is entirely about a particular outer-loop iteration m, inside which the policy is
fixed to be 6(m), to simplify notation we drop the dependence on m and 6(m) throughout this
section. Particularly, we refer to Qf(m) as (JF, which is the true @Q-function for reward r; under
policy 8(m) (cf. (7)). We also introduce short-hand notation z = (s,a) € Z =38 x A to represent
a particular state action pair (s,a) € S x A. Similarly, we define z; = (s;,a;) € Z; = S; x A;, and
Zne = (snm,ans) € Zys = Sns X Ayx. A vector v € R? means a vector of dimension |Z| that is
indexed by z € Z, with its z’th entry denoted by v(z). For example, the full Q-function Q will
be treated as a vector in R? with its z’th entry denoted by Q;(z). Similarly, a vector v € RVF
means a vector of dimension ]ZNin] indexed by ZNs € ZNf, and its ZNp 'th entry will be denoted by
v(sz). For example, the truncated Q-functions Qf will be treated as vectors in RN Following a
similar convention, a matrix A € R**# will be a | Z|-by-| Z| matrix indexed by (z,2') € Z x Z, with
its (z,2’)’th entry denoted by A(z,z’).

Theorem 2 essentially says that the critic iterate Qf in (14) will become a good estimate of Q;
as t increases. We note that the full @-function @F must satisfy the Bellman equation (Bertsekas

and Tsitsiklis 1996),

Q; =TD(Q;) =1 +7PQ;, (15)

where TD : R — R? is the standard Bellman operator for reward r; and P € R®*Z is the transition
probability matrix from z(t) to z(t + 1) under policy #(m). Note in (15), without causing any
confusion, r; is interpreted as a vector in R? although r; only depends on z;.

Our proof is divided into 3 steps. In Step 1, we rewrite (14a) and (14b) in a linear update form

(cf. (17)), study its behavior (Lemma 4), and decompose the error into a recursive form (Lemma 5).
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In Step 2, we bound the noise sequences in the error decomposition (Lemma 8 and Lemma 9).
Finally, in Step 3, we use the recursive error decomposition and the bound on the noise sequences
to prove Theorem 2.

Step 1: error decomposition. Define €2y to be the indicator vector in RZNf, i.e. the ZNp 'th

entry of e, is 1 and other entries are zero. Then, the critic update equation (14) can be written

as,
Qi=Q " +a - €ypt-1) " [zt = 1)) + Qi (2wr (1) — Q2w (E—1))], (16)

with Q° being the all zero vector in R“M. Notice that Qf‘l(sz) —e] Q"' we can make the

ENE
3

following definition (where we omit the dependence on ¢ in notation A, ./, b,),

A.o=e.,, ['ye:;\m — eZTNﬁ} CRONEFANE = e...7i(z) € RZNf,
and rewrite (16) in a linear form
Qi=Q "+ [Az(tfl),z(t)QAz_l +bae-1)- (17)

We define the following simplifying notations, A, 1 = A.4—_1).¢), bi—1 = b:t—1). Let F; be the o-
algebra generated by z(0),...,2(t). Then, clearly A;_; is F;-measurable and b, _; is F;_; measurable.
As a result, Qf is Fi-measurable. Let 7 > 0 to be the integer in Assumption 3. Let d;_; € R? be the
distribution of z(¢ — 1) conditioned on F,_,. Further define, A,_; =EA,_|Fi_,, by_1 = Eb,_|Fi_,.
It is clear that d;,_;, A, 1, b,_, are all F,_, measurable random vectors (matrices). With these

notations, (17) can be rewritten as,

QI =QI " a1 [A QI+, 4]
= QTl +o_q [At—lQAZfl +beo1] + a1 [(Aemy — At—l)Qﬁil +bi1 = b
= Qf_l + o [At—léz_l + Bt—l]

+oapq [(Amr — Atfl)Qf_T +b1— l_)tfl] +apq (Apg — At—l)(@f_l — QE_T), (18)

4

=€p_1 =01
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where in the last step, we have defined sequences €;_1,¢;_; € RZNF , which are noise sequences
that we will later control in Step 2. For now, we focus on the term flt_lQﬁ_l + b,_1, and show
the following Lemma 4. The proof of Lemma 4 is similar to the analysis of fixed points for TD
learning with linear function approximation, see e.g. Van Roy and Tsitsiklis (1995). We postpone
the detailed proof of Lemma 4 to Appendix C.1.

ZNf XZN;;@

LEMMA 4. Vi, there exists diagonal matriz D;_1 € R and operator g,_1 TRV S RENE st

Atfléﬁ_l +b = —thléf_l + DtﬂQtﬂ(QE_l)a (19)

where Dy satisfies Dy_1 = ol (recall o >0 is from Assumption 3) with its znr 'th diagonal entry
being Jt_l(sz) = ZZNH cZyn dt_l(zNin,szi), which means the marginalized distribution of zyx

under distribution d,_,. Further, g;_1 is a y-contraction in the infinity norm, with unique fired

Kk+1

point Q7' satisfying SUp,.z |Q:’t_1(2N{e) —Qi(z)| < —

11—y -~

From Lemma 4, we can see the first two terms in (18) can be written as (I — ;1 D;_1)Q! ™ +

*,t—1
i

a;_1Di_1g:1 (fol), which roughly speaking drives the iterate to Q , the fixed point of operator

gi—1. Though depending on t, Q:’t_l is a good approximation of the true Q-function @Q; regardless

=1

of t, as shown in Lemma 4. As such, moving towards Qf at each time step should eventually

produce a good estimate of the full @-function Q7. In the following, we turn the above intuition

into an error decomposition. In details, we unroll (18) and get,

Qt =(I—- Oét—lDt—l)Q?l + at—lDt—lgt—l(Qf‘il) +op_1€ 1+ 11
t—1 t—1 t—1 t—1 t—1

= H(I — ;. Dy) Q7 + Z%Dk H (I—aDy) gi(QF) + Z&k H (I —eDy) (e + ¢r), (20)

k=1 k=1 =k+1 k=1 {=k+1

J/

g

Bro1a Byt By ¢

where we have used the following short-hand notations By ; = oy Dy HZ;;H(I — ang),Bk,t =
Z;i;-i,-l(l —ayDy). We also define 8y, = ay, Hz;iﬂ(l — o), Bri = z;,lﬁl(l — o). Since every

diagonal entry of D, is lower bounded by o almost surely (Lemma 4), we have every entry of By,

is upper bounded by f;: and every entry of Bk,t is upper bounded by Bk,t almost surely. With
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these short-hand notations, we state the error decomposition below, which is a consequence of (20)
and the property of operator g;(-) and its fixed point Q: *in Lemma 4. The proof of Lemma 5 is

postponed to Appendix C.2.

LEMMA 5. Let & =sup,.z \QAﬁ(ZNf) — Qi (z)]. The following recursion holds almost surely,

t—1 t—1

2¢cp
§t<5'r 146~ +7 sup Zbkt ZN”)£k+ +HZ&kBktGkHoo—l-HZOékBkthkHom

ZNK,EZNNk - k=T

where by (2nr) = aka(sz) Z;H(l - ang(sz)) is the znx 'th diagonal entry of By,

From Lemma 5, it is clear that to bound the error &;, we need to bound || 22;17 akBkvtekHoo and
| S22 . By.ydr ||, which is the focus of the next step.

Step 2: bound the ¢, and the ¢,-sequence. The goal of this step is to bound || ZZ_; akék,tekﬂm
and || ZZ:T akquﬁkHw. We first show some simple properties of Qf, €; and ¢; in Lemma 6. Since
every entry of oszkyt is upper bounded by B, we also show some properties of [y, Bk,t in

Lemma 7. The proofs of the two lemmas are postponed to Appendix C.3.

LEMMA 6. We have almost surely, (a) ||Q!]s < i (b) el < 75 (c) ||dt]oo <
-1
2€) g rp1 Ok

LEMMA 7. If o, = where to > h > = and ty > 4oh, and ty > T, then B, ,,/Bk ¢ satisfies (a) Bt <

t+t ’

oh
h k+1+t k+1+t t—1 k-1 8ht 1
(e )™ B < (Be) ™ ) S B < 2 e () S B T <

We now bound || zz—; akBMekHw. Clearly, €,_; is F;-measurable, and satisfies
Ee;1|Fier =E[(Asm1 — Atfl)inT + b1 — by | Fier] =0, (21)

where the last equality is due to the definition of A,_; and b,_; and the fact Qﬁ” is F;_,-measurable.
Equation (21) shows that €;_; is a “shifted” martingale difference sequence (it is not a standard
martingale difference sequence which would require Ee, ;| F;_; =0). Therefore, || 22;17 akBk’teka
can be controlled by Azuma-Hoeffding type inequalities, as shown by Lemma 8. We comment
that Bk,t is also random and Bk,tek is no longer a martingale difference sequence. As a result, to
prove Lemma 8 requires more than the direct application of the Azuma-Hoeffding bound. For more

details, see the full proof of Lemma 8 in Appendix C.4.
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LEMMA 8. We have with probability 1 — 4,

t—1
~ Th 27t
B <6€y/—|lo log S A].
H;ak ]| < 6\/0<t+t0>[ 8(%5) + f(x)log S 4]
Finally we bound sequence || 325" a By 1 x| using the fact ¢y = (4,1 — A,_1)(Q 1 —Q™7)
can be bounded by the movement of Q! after 7 steps (i.e. Q"' — Q! 7||o), which is small due to

the step size selection. The proof of Lemma 9 can also be found in Appendix C.4.

LEMMA 9. We have almost surely, || Zk TakBk 1Pk 0o < 16;}” t+1t0 = C¢ﬁ.

Step 3: bound the critic error. We are now ready to use the error decomposition in Lemma 5
as well as the bounds on the ¢, ¢-sequences in Lemma 8 and Lemma 9 to bound the error of the
critic. Recall that Theorem 2 states with probability 1 — 4,

c, c Co

< + + , 29
U Tt 1o (22)
where Cj = 2clpj+1, and
Y
6 [rh 27’T2 2 16ehr 27
Ca: 1 SA C/ : ; .
1—\ﬁ\/0{ og( )+ f(r)log SA],C 1_fmax( = 1_7(T+ 0))

To prove (22), we start by applying Lemma 8 to ¢t < T with 0 replaced by 6/T. Then, using
< C.——

SRV ) t+t

with

a union bound, we get with probability 1 — 4, for any ¢t < T, akBk €k

C.= 66\/7 [log(QT(STQ) + f(k)log SA]. Combining this with Lemma 5 and using Lemma 9, we get

with probability 1 — 4, for all 7 <t < T,

t—1

~ 1 1
< B._1:& +ysu br.i(zne)Ex + Co +C + Ch. 23
ft =~ 6 l,tf ’YZN?’CZ_; k,t( N! )Ek m ¢t+t0 0 ( )

We now condition on (23) is true and use induction to show (22). Eq. (22) is true for t =7, as

cl 2
T+tg — 1— fl'y

for up to k <t—1, we have by (23),

(22) is true

where we have used |¢-] < [|Q7||lso + |Q7 ]| <

1

t—1

2 Ca C’ Co 1 1
< Bl + bes(2ye F—a 4 +C. +C +C
S < hroaik ’Ysﬁp; ’“’t(ZNl)[\/m k+ to 1—7] Vitt, Tttty °

t—1 t—1

~ 1 1
S BT—l,t&T + ’.)/Ca sup ka(ZN- ) + PYC/ sup bk t ZN )

1 LC 1 n o
Vitt,  Ct+t, 1—~

We use the following auxiliary Lemma, whose proof is provided in Section C.5.

+C.
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LEMMA 10. Recall oy, = kf:—to, and bk:,t<ZNi") = aka(sz) Z;iﬂ(l - agcfg(sz)), here Jk(zNin) >o0.

If oh(1—/7)>1, to>1, and o < %, then, for any znx, and any 0 <w <1,

Zb )<t
k)t N k;+t0) ﬂ(t—i—to)w
With Lemma 10, and using the bound on 3,_;, in Lemma 7 (a), we have

1 1 Cy
+C. +C +
Vitto  Ct+ty 1—n
1 T+ 1) oh Co
< /AC, C. o C ( ) g :
VY \/t+t0+ \/t+t0+ﬁ at—l—to+ Tty \Ttio €+1—7

=F ::Ft'

£t<6'r 1t£T+fC \/74—\/’7 at+t

/
Tt and F} < t+t

To finish the induction, it suffices to show F; <

F, \/t-i-to

t—i—to gT(r+t0) (T +to)7ht

= F,
=Vt C ' er C, (t+tg)oh1

Cy <1 \F ,an nd &r(T+to) < _\ﬁ.

So, we can require C,, C? to be large enough such that g—; <1-7, ar < ar 5

Using &, < 5 27 one can check our selection of C, and C" satisfies the above three inequalities, and

so the induction is finished and the proof of Theorem 2 is concluded. [

4.2. Analysis of the Actor and Proof of Main Result (Theorem 1)

With the error of the critic bounded in Theorem 2, the second part of the proof focuses on the

actor, i.e. the policy gradient step. Recall that at iteration m, the policy gradient step is given by

0:(m+1) = 0;(m) +n,,9:(m) with 1,, = L= and g;(m) is given by
=1
= ZVL Z QT’T(SN; (t), anx(t)) Ve, log ¢ (i (t)]54(t)), (24)
t=0 JENE
where QZ"T is the final estimate of the @)-function for r; at the end of the critic loop in iteration

T, .
% to indicate its dependence on m;

m, where we have added an additional superscript m to Q
{s(t),a(t)}]_, is the state-action trajectory with s(0) drawn from 7, (the initial state distribution

defined in the objective function J(6), cf. (2)) and the agents taking policy #(m). Our goal is to
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show that g;(m) is approximately the right gradient direction, Vg, J(6(m)), which by Lemma 1 can

be written as,

oo

VT 0) =3 E,_ s o 7'Q ™ (5,0)95, 10" (). (25)
t=0
where /"™ is the distribution of s(t) under fixed policy 6(m) when the initial state is drawn from

mo; Q%™ is the true @ function for the global reward r under policy 6(m), cf. (7).
To bound the difference between g;(m) and the true gradient V,,J(6(m)), we define the following

additional sequences,

T
1 m \m

gi(m)=>_"7"= > Q7™ (s(t),a(t)) Vs, log (/"™ (a;(t)|s:(t)), (26)

t=0 njeNf

d 1

6(m 6;(m

hi<m>=;EM5<MMW,S)vtn XNj Q7" (s,) Vo, 1og ¢/ (ai]ss), (27)

= je f

where Q7™ is the true Q function for r; under policy 8(m). We also use notation h(m), g(m),
g(m) to denote the respective h;(m), g;(m), g;(m) stacked into a larger vector. The following result
is an immediate consequence of Assumption 1 and Assumption 4, whose proof is postponed to
Appendix D.1.

LEMMA 11. We have almost surely, Ym < M, max(||g(m)|],||g(m)|, |A(m)|], |VJ(@(m))|]) <

7L
(1-7)2"

With these definitions, we decompose the error between the gradient estimator g(m) and the

true gradient V.J(0(m)) into the following three terms,

g(m)=g(m) . g(m)+g(m) — h(m) +h(m) — YJ(Q(m)) +VJ(0(m)). (28)
el(m) e2(m) e3(m)

In the following, we will provide bounds on e'(m),e?(m),e?*(m), and then combine these bounds
to prove our main result Theorem 1.

Bounds on e'(m). Notice that the difference between g;(m) and g;(m) is that the critic estimate
Q;’“T is replaced with the true Q-function Q?(m). By Theorem 2, we have Q;"T will be very close

to Q?(m) with high probability when T is large enough, based on which we can bound ||e!(m)]|,

which is formally provided in Lemma 12. The proof of Lemma 12 is postponed to Appendix D.2.
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LEMMA 12. When T is large enough s.t. Ca\(;;TMt(J ) Ti"io < ffp 7)2; where

6€ Th 27'T2 2 16ehT 27
0,T) = lo log SA : t
Ca( ) ) 1_ﬁ\/0 [ g( ) f( ) OgS ]7 Ca 1_\/>ma‘x( o 71_,}/(7-—’_ 0))7
with € = 477 + 27, then we have with probability at least 1 — g, SUPg<menr_1 e (m)]| < 4(61{’):;31.

Bounds on e*(m). Let G,, be the o-algebra generated by the trajectories in the first m outer-loop
iterations. Then, #(m) is G,,_; measurable, and so is h;(m). Further, by the way that the trajectory
{(s(t),a(t))}1_, is generated, we have Eg(m)|G,,_1 = h(m). As such, n,,(VJ(0(m)),e*(m)) is a
martingale difference sequence w.r.t. G,,, and we have the following bound in Lemma 13 which is a

direct consequence of Azuma-Hoeffding bound. The proof of Lemma 13 is postponed to Section D.3.

LEMMA 13. With probability at least 1 — /2, we have 2%01 N (VJ(0(m)),e2(m))| <

252
2 2 log d

Bounds on €*(m). The term e*(m) is the error between h(m) and the true gradient V.J(0(m)),
where h(m) is similar to the truncated policy gradient in Lemma 3 and therefore should be close to
the true gradient by Lemma 3. We provide Lemma 14 below to bound ||e*(m)]|. Due to technical
issues, h(m) is not exactly the same as the truncated policy gradient defined in Lemma 3, but a
variant of it instead. Therefore the conclusion of Lemma 3 can not be directly used in the proof
of Lemma 14. Nevertheless, the proof of Lemma 14 follows essentially the same arguments as in

Lemma 3 and is postponed to Appendix D.4.

1—
U 4 (k41) log p
logy

K-‘rl

LEMMA 14. When T +1> 8

, we have almost surely, ||e3(m)]| < 2(1 5P

Combining the bounds and proof of Theorem 1. With the above bounds on e'(m), e*(m)

and e*(m), we are now ready to prove the main result Theorem 1. Since V.J(#) is L’ Lipschitz

continuous, we have

J(0(m +1)) = J(6(m)) +(VJ(8(m)),0(m +1) —6(m)) — L;/H@(m +1) = 0(m)||*

1g(m)II*. (29)
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Using the decomposition of §(m) in (28), we get,
lg(m)[1* < 4" (m)||* + 4lle*(m)||* + 4l|e* (m) || + 4[| VT (0 (m)) || *.
Further, we can bound (VJ(68(m)),g(m)),

(VI(O(m)),g(m)) = VI (O(m))|[* + (VI (O(m)), e (m) + e*(m) + *(m))
> [VI(O(m))|* + (VI (0(m)), e*(m)) = IV (0(m) | ([l (m)]] + [le* (m)]])-

Plugging the above bounds on [|g(m)||? and (V.J(6(m)),g(m)) into (29), we have,
J(0(m+1)) = J(0(m)) + (0 — 2L, ) IV T (O(m))|* + NinEmo = NnEims = TnEmzs  (30)

where &0 = (VJ(6(m)), e*(m)), ema = [[VI(O(m))[[([le'(m)] + [le*(m)[]), em = 2L ([l (m)[|* +
lle2(m)||* + ||e®(m)]]?). Doing a telescope sum for (30), we get

M—-1

J(O(M)) > Z —2L'n,)[IV T (0(m))|* + Z NnEm,0 — Z NonEmt — Z N2 Em.2
)+y ST O + DL TEITID S o PR t)
m=0 m=0 m=0 m=0

where we have used 1, —2L'n2, = (1 — 2L'1y,) > 30, which is true because n,,, <n < ;7. After
rearranging, we get
M1y
> Sl VI < T Z S Z Pema  (32)
m=0 m=0

We now apply our bounds on e!(m),e?(m), e*(m). By Lemma 13, we have with probability 1— ¢,

M-1

2722
! 2 Z n2, log (33)

(1—=)*

M-1
‘ E nmem,O S
m=0

By Lemma 12 and Lemma 14, we have with probability 1 — g,

rL  4cLprt! Le
sup €1 < —-—( su e'(m)||+ su e(m)]]) < +2 ke
S Ema S (mg\fq [ (m)]] S [e*(m)]]) < a _7)2( a- Ta=’ )
6L%cr
————pth (34)
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By Lemma 11, we have almost surely, max(||e*(m)]|, [[e*(m)]], [|e*(m)]]) < 2(1 =52, and hence,
247 L' L?
sup epn,2 = 2L/ ([l (m)|[* + [|e*(m)|* + e*(m)|*) < 57—+ (35)
m<M-—-1 ( 7)

Using a union bound, we have with probability 1 — ¢, all three events (33), (34) and (35) hold,

which when combined with (32) implies

> o Ml VI (6(m)) ||

Z]W 177
m=0 "/m
2I(O(M)) - J(6 +2\2m L] + 25UP s Ema ML

< +2 sup e

Z:JM_()1 77m m§1\/R1 !

212 F210 12 M—1

_ 20600~ 6(0) + 5 £>4¢2zm S T .0 DA NI
- Z"L > 7’]m (1 _ ,7)5p .

Since 7, = 755, we have, an\f:_ol N > 2n(vVM+1—1) > nvM+1 and Zm o e, < (1 +

log(M)) < 2n*log(M) (using M > 3). Further we use the bound J(6(M)) < 1; (6(0)) >0

almost surely. Combining these results, we get with probability 1 — 4,

_ 27 8r2L? 96r L L
Cona tal VI@m)|? _ iy + iy log M log 5 + mogM arer .
S - M+1 (1=7)°

This concludes the proof of Theorem 1. [
5. Numerical Studies

In this section, we first conduct numerical studies in Section 5.1 using a synthetic example where
the optimal solution is known in closed form to verify our theoretic results. Then, in Section 5.2,

we demonstrate our approach using the wireless communication example introduced in Section 2.2.

5.1. Synthetic Experiments

We first study a synthetic example where the interaction graph is a line of n nodes N'={1,2,...,n}
with the left most node labeled as 1 and the right most as n. Each node has a binary local state
space and local action space S; = A; = {0,1}. The left most node (node 1) has a reward 1 whenever

s1 =1, and all other reward values of node 1 and the rewards of all other nodes are 0. Further,
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s1(t+ 1) =1 with probability 1 when the second node has state sy(t) =1, and in all other cases

s1(t+1) =0 with probability 1. For the i’th node with 2 <i<n—1,

1, if s (t) =1,a:(t) =1,
P(si(t+1) =1|si-1(t),i(t), si+1(0), ai(t)) = € 0.8, if 5,1 (t) =0,a;(t) =1,
0, all other cases.
For the last node i =n, s, (t+1) =1 w.p. 1 when a,(t) =1, and s, (t+1) =0 w.p. 1 when a,(¢) =0.
The initial states of all nodes are s;(0) =1.

In this example, the rewards and transitions are designed in a way so that the optimal policy
can be determined explicitly. Only agent 1 has a non-zero reward when its state is s; =1, and it
will stay in state s; =1 only when s, =1, which happens with high probability when a; =1 and
s3 =1, and so on so forth. Therefore, it is clear that the optimal policy is for all nodes to always
take action a;(t) =1 regardless of the local state, in which case the states of all agents will stay as
s5i(t) =1, and the resulting optimal global discounted reward is %ﬁ

In our experiments, we set n =8, v=0.7. We use the softmax policy for the localized policies,
which is a standard policy parameterization that encompasses all stochastic policies from §; to
A; (Sutton et al. 1998). We run the SAC algorithm with x =0 up to k = 7. We plot the global
discounted reward throughout the training process in Figure 1, and we also plot the optimality
gap in Figure 2 computed as the difference of the optimal discounted reward (%ﬁ) and the
discounted reward achieved by the algorithm with the respective x values. Figure 1 shows that when
K increases, the performance of the algorithm also increases, though the improvement becomes
small when x > 1. This is also confirmed by Figure 2, which shows the optimality gap is decaying
exponentially when k increases. This is consistent with our theoretic result in Theorem 1. We note
that the exponential decay appears to stop in Figure 2 when x > 4, and this is due to the increasing
complexity in training for large s as discussed in Section 3.3, and may also be due to any further

potential improvement may be too small (in the order of 1 x 1072) to be noticed because of the

noise.
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Figure 1 Global discounted reward during the training Figure 2 Optimality gap as function of k in the syn-

process in the synthetic experiments. thetic experiments.

5.2. Multi-Access Wireless Communication

We next study the multi-access wireless communication example discussed in Section 2.2. We
consider a grid of users in Figure 3, where each user has access points on the corners of the block
it is in. In the experiments, we set the grid size as 6 x 6, deadline as d; =2, and all parameters p;
(packet arrival probability for user i) and ¢, (Success transmission probability for access point y;)
are generated uniformly random from [0,1]. We set v =0.7 and the initial state to be uniformly
random, and run the SAC algorithm with £ =0,1,2 to learn a localized softmax policy, starting
from an initial policy where the action is chosen uniformly random. We compare the proposed
method with a benchmark based on the localized ALOHA protocol (Roberts 1975), where each user
has a certain probability of sending the earliest packet and otherwise not sending at all. When it
sends, it sends the packet to a random access point in its available set, with probability proportional
to the success transmission probability of this access point and inverse proportional to the number
of users that share this access point. The results are shown in Figure 4. It shows that the proposed
algorithm can outperform the ALOHA based benchmark, despite the proposed algorithm does not
have access to the transmission probability g, which the benchmark has access to. It also shows
that the SAC with x = 1,2 outperforms x =0, which as we mentioned in Section 3.2 corresponds

to the independent learner approach in the literature (Tan 1993, Lowe et al. 2017). SAC with
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Figure 3  Grid of users and access points.
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Figure 5 Global discounted reward during training

when user locations are assigned randomly.

K =2 outperforms k =1, but the improvement is small, which is consistent with the results in the

synthetic experiments in Section 5.1. We also study a case with the same 6 x 6 grid of access points,

but the 36 users are assigned randomly to the square blocks in the grid. We plot the results in

Figure 5. Similar phenomenons can be observed in Figure 5 as in Figure 4, with SAC outperforms

the benchmark and SAC with x = 1,2 outperforms x =0, the independent learner approach.
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6. Concluding Remarks and Extensions

This paper proposes a SAC algorithm that provably finds a close-to-stationary point of J(#) in
time that scales with the local state-action space size of the largest xk-hop neighborhood, which
can be much smaller than the full state-action space size when the graph is sparse. This represents
the first scalable RL method for localized control of multi-agent networked systems with such
a provable guarantee. There are many possible extensions and open questions, which we discuss
below.

Average Reward. One extension is to consider average reward instead of discounted reward,

i.e., to consider

T

Juwel0) = T 2o By o iacy | D (s(0), alt)]s(0) = s|.

t=0
Under appropriate erogdicity assumptions, the average reward above is equivalent to the reward
under the stationary distribution. Average reward is common in applications where the perfor-
mance is measured in stationarity, e.g. throughput or waiting time in communication and queueing
networks. Despite the importance in applications, average reward RL is known to be more chal-

lenging even in single-agent settings, see e.g. Tsitsiklis and Van Roy (1999, 2002). For example,

the @ function needs to be defined in a different way,

o

Q"(5,) = Byomcorainy | D (r((1), (1)) — Juee6))]5(0) = 5,0(0) = ],

t=0
and because of the lack of a discounting factor ~, the associated Bellman operator no longer has ~
as the natural contraction factor. In ongoing work summarized in Qu et al. (2020a), we have begun
to study an average reward multi-agent RL setting with the same local interaction structure (1) as
in this paper. While similar exponential decay properties on the @)-functions can be defined, in the
average reward setting, Qu et al. (2020a) shows that the exponential decay only holds under a form

of bounded interaction strength assumption. Under this assumption, Qu et al. (2020a) proposes

a variant of the SAC algorithm that achieves similar guarantees as the algorithm in this paper.
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However, the bounded interaction strength assumption in Qu et al. (2020a) may be restrictive, and
searching for weaker assumptions that guarantee the exponential decay (or weaker forms of decay)
is an interesting open future direction.

Time-varying dependence structure. In this paper, the interaction graph that defines the
dependence structure (1) is a fixed graph, while in many real world applications the graph is

time-varying. In other words, if the interaction graph at time ¢ is G;, then (1) becomes,

P(s(t+1)[s(t) HP i+ Dlsnyg(t); ai(t)),

where N;(G,;) means the set of neighbors of ¢ in graph G;. In another of our extensions of this work
(Lin et al. 2020), we study a stochastic graph setting where, at each time step, the graph G, is
sampled from a fixed graph distribution in which each link is present with probability exponentially
decreasing in a predefined distance measure between the two nodes. Lin et al. (2020) shows that a
weaker form of exponential decay holds in this setting, termed p-decay, and a similar SAC algorithm
can be used. Beyond Lin et al. (2020), an open question is how to handle the case where G; can be
arbitrarily chosen, rather than stochastically sampled. An issue in this setting is that the transition
kernel may not be time-homogeneous anymore, which means that is a challenging open problem.
Other future directions. While SAC is an actor-critic based algorithm, the idea underlying
SAC, including the exponential decay property and the truncated Q-function (9), is a contribution
in its own right, and can potentially lead to other scalable RL methods for networked systems. For
example, within the actor-critic framework, one idea is to change the critic to variants like TD-\,
change the actor to include the advantage function, or use the simultaneous update version of
the actor-critic algorithm (as opposed to the inner-loop structure used in this paper). Beyond the
actor-critic framework, one can develop policy-iteration type algorithms (e.g. @-learning/SARSA
type methods) on our truncated Q-functions. Further, our proof technique in showing the finite
time convergence of TD learning can be of independent interest. In fact, we have already con-
sidered preliminary applications of our technique in the context of Q-learning and TD learning

with state aggregation (Lin et al. 2020), and we expect other applications to emerge in the coming
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years. Additionally, the setting we consider here does not provide an investigation of the tradeoff
between exploration and exploitation. Adding consideration of this tradeoff is an interesting direc-
tion for future work. Finally, other future directions include studying the landscape of our policy
optimization problem, and studying the robustness of the trained policies.

Appendix A: The Exponential Decay Property

Our main results depend on the (¢, p)-exponential decay of the Q-function (cf. Definition 1), which

- / I
means that for any ¢, any sy, syx, and Snx » ANFy AN, and Anr s
Q% (snr,snn ,ane,ane ) — QF (snr, S ,ans,aye )| < cp™!
i \SNFySNE L, ANF, ANF i\SNFy SNk 5 ANES AN )| S CP

In Section 3.1, we have pointed out in Lemma 2 that the (c,p)-exponential decay property
always holds with p <+, assuming the rewards r; are upper bounded. We now provide the proof
of Lemma 2.

Proof of Lemma 2. We first prove part (a). For notational simplicity, denote s = (syx, sy~ ),
a=(anx,anx ); 8’ = (SNZ-“’SINL) and o = (aNf,a’NEi). Let m;; be the distribution of (s;(t),a;(t))
conditioned on (s(0),a(0)) = (s,a) under policy 6, and let 77 ; be the distribution of (s;(t),a;(t))
conditioned on (s(0),a(0)) = (s',a’) under policy 6. Then, we must have 7, ; = ; for all t <x. The
reason is that, due to the local dependence structure (1) and the localized policy structure, m;;

only depends on (syt,ayt) (the initial state-action of agent i’th t-hop neighborhood) which is the

/

"vt) when ¢ < per the way the initial state (s,a), (s';a’) are chosen. With these

same as (S'y,s
T

definitions, we expand the definition of Q¢ in (7),
|Q?(37 a) - Q?(S/7 a/)‘
< B[y ri(si(), ai(1)|(s(0), a(0) = (s, a)] — E[y'ri(si(t), ai(£))] (s(0), a(0)) = (s',a")]

t i
Y E(Si,ai)'\/ﬂ't,iri(siv ai) - ]E(si,ai)wﬂ'; i’ri(s'h ai)

I
s T2 1

2

t=r+1

< Z YFIV (4,7, ;) <

t=r+1

t t
v E(si,ai)Nﬂ't’iri(Sﬂ ai) -7 E(si,ai)wﬂé iri(sia ai)

,,7
1—7

7 (37)

where TV (m,;, 7 ;) is the total variation distance between 7, ; and m; ; which is upper bounded by

T
1—

1. The above inequality shows that the ( W,'y)—exponential decay property holds and concludes
the proof of Lemma 2 (a).
The proof of part (b) is almost identical to that of part(a). The only change is that in step (37),

we use TV(my;,m ;) <2dpt. O
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Appendix B: Proof of Lemma 3

We first show part (a), the truncated @ function is a good approximation of the true @ function.

To see that, we have for any (s,a) € S x A, by (9) and (10),

’Q?(SNfaaNf) —Qi(s,a)]

= ‘ Z wi(sg\ffiua?\fii;SvaaNf)Q?<3Nf73;Vfi7aNf7alei) _Qg(SNf7SNfi’aNf7aNfi)’

! !
SNE DONE
—1 —1

! I . 0 / ! 0
< g wi(stivaNjiszfaaNf) Q; (SN;% SNfi>aNfaaNji) - Q) (SnysNEi>anyaNfi)’
S O
—1 —1

<epH, (38)

where in the last step, we have used the (¢, p) exponential decay property, cf. Definition 1.

Next, we show part (b). Recall by the policy gradient theorem (Lemma 1),

1
EESNFG7QNCG('|5)Q0(S7 a)VGi log Ce(a’ys)
1 .
- EESNF67QNCG('|S)Q9(S7 CL)V@Z, log Cfl (ai’Si)’

Vo, J(0) =

= Vy,1og ¢ (as]s;) by the localized

where we have used V,log(’(als) = V,, ZjeNlongj (ajls;)
policy structure. With the above equation, we can compute 31(0) — Vo, J(0),

hi(0) — Vo, J ()

1 1 — - 4
== ?Eswﬂe,am{e(‘ls) |:* Z Q?(staaNf) - QG(S’ a’):| vai log C’fl (ai‘3i>
Y njeNn

1

- EESNﬂﬁ,aNCGHS)[ ZQ SNN aNn o 7ZQ9 50 ]VQ IOgC ( 1|81)
jGN JEN
1
_GEGNW LanCO (- ‘9) Z Q SN"i aNH)VG logg (G/Z‘S)
JeN“

= El —EQ.

We claim that Ey =0. To see this, consider for any j € N*,
ESNTF 0 a~ct (| )VG IOgC ( |S ) G(SNN CLNH)

Z H ae‘Se MQQ(SN ,GNH)

s,a Cz (%’31)

=y (s HCe (aclse) Vo, G (ail5:)Qf (snx, anr)
s,a LF£d

= Z HQ a/|s/ SN"”" aN"”" ZVOC (17’3)
8,07 5505150541 50005 an 07
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where in the last equality, we have used Q;’-(SN]@,QNJ@) does not depend on a; as i ¢ NJ; and
Da, Vo, () (ailsi) =V, >a, ¢Yi(a;|s:) = Vo,1 = 0. Now that we have shown F, =0, we can bound

FE; as follows

124(8) = Vo, T (8) ]| = || 1|

1 1 . 0.
< T Eonrtancotion; > (Q?(sN;,aNﬁ —Q%(s,a)|[| Vo, log ¢/ (ailsy)]|
JEN

< cp"L;,

L=y
where in the last step, we have used (38) and the upper bound ||V, log ¢%(as|s;)|| < L;. This

concludes the proof of Lemma 3. [

Appendix C: Proof of Auxiliary Results for the Analysis of the Critic
C.1. Proof of Lemma 4

The goal of Lemma 4 is to understand flt_lQﬁ_l +b;_1. Recall that d,_; is the distribution of z(t —1)
conditioned on F,_, and A, =EA, || F,_, = EA. 1)) Fi—r, by =Eb,_1|Fi_y = Eb.t—1)|Fe—r-

Recall that P is the transition matrix from z(¢ — 1) to z(¢). Given any distribution d on the
state-action space Z, we define A, = E./p(sAs and A% = E, 4A,, b*=E, 4b,. Then, A, ; and
b,_, can be rewritten as A,_; = A%-1, b,_; = b%-1. In what follows, we provide characterizations
of A%, b¢ for general distributions d.

Firstly, A, is given by,

Az :Ez’NP(‘|Z)AZ,z’ =e [’}/P(’Z)(I) - eT ]7 (39)

ZN{”” ZNf
where P(:|z) is understood as the z’th row of P and is treated as a row vector. Also, we have
defined ® € RZ*“M t0 be a matrix with each row indexed by z € Z and each column indexed by

Zyr € Znr. Further, the 2’th row of @ is the indicator vector eZTNﬁ, in other words ®(z, zjyx) =1 if

k3

/ — / —
Zyr = znp and D(z, sz) =0 elsewhere.

Then, A%, b® are given by,

A =E. 4A. =) d(2)e.,.[yP(|2)® —e]  ]=diag(d)[yPD— @], (40)
z€Z ’ ‘
b =K. 4b, = ® " diag(d)r;, (41)

where diag(d) € R**Z is a diagonal matrix with the 2’th diagonal entry being d(z); in the last
equation, 7; is understood as a vector over the entire state-action space Z, though it only depends
on z;.

With the above characterizations, we show the following property of A% and b% in Lemma 15.

Lemma 15 (with d set as d;_;) will directly lead to the results in Lemma 4, with D, ; being the
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D in Lemma 15 and it satisfies D,_; = ol due to Assumption 3; g,_; and Qf’tfl being g%-! and

~

Q' in Lemma 15.

LEMMA 15. Given distribution d on state-action pair z whose marginalization onto zyx is non-zero

for every zyx, we have A4Q, + b can be written as
AQ; + b= —-DQ; + ng(Qi)v

where D = ®Tdiag(d)® € RZNEPENE s g diagonal matriz, with the zyx th entry being the marginal-
ized distribution of zyx under distribution d; g*(-) is given by g%(Q;) = ITD®Q;, where 11 =
(@ "diag(d)®) '@ "diag(d) and TD(Q;) =r; +vPQ; is the Bellman operator in (15).

Further, g%(-) is v contractive in infinity norm, and has a unique fized point Qf e RN depending

on d, and the fized point satisfies

cpf€+1

sup|Qf (2xp) — Qi (2) = 12Qf — Q; [l <

. 42
z€Z 1- i ( )

Proof of Lemma 15. Tt is easy to check that D = ®"diag(d)® € RZNF“2NF g a diagonal matrix,
and the zyr’th diagonal entry is the marginal probability of zyx under d, which is non-zero by

ZENEXENS

the assumption of the lemma. Therefore, @ "diag(d)® € R i is invertable and matrix I1¢ =

(" diag(d)®) '@ diag(d) is well defined. Further, the zyx’th row of I1? is in fact the conditional
distribution of the full state z given ZN5. So, ITI¢ must be a stochastic matrix and is non-expansive
in infinity norm.

By the definition of A? and b¢, we have,

AQ, + b = &7 diag(d) [yP® — 3] Q, + ®" diag(d)r,
= & " diag(d)[r; +yPPQ;] — @ diag(d)PQ;
= &' diag(d)TD(®Q;) — ¢ diag(d)®Q;
= —DQ; 4+ DIITD($Q;)
= —DQ;+ Dg"(Qy),

where TD is the Bellman operator for reward r; defined in (15), and operator g¢ is given by

gd(Qz‘) = HdTD(I’Qi-

Notice that ® is non-expansive in || - || norm since each row of ® has precisely one entry being
1 and all others are zero. Also since I1? is non-expansive in || - ||, norm and TD is a «-contraction
in ||+ ||oc norm, we have g¢ =TI*TD® is a  contraction in || - ||, norm. As a result, g? has a unique

fixed point Q7.
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Finally, we show (42), which bounds the distance between ®Q¢ and Q7, where Q7 is the true
Q-function for reward r; and it is the unique fixed point of TD operator (15). We have,

12QF — Q5 l|oo < [ PQY — PTIQ; [|oo + [|PTT'Q; — Q7 [l
= |eI*TD(®QY) — PI*TD(Q}) oo + [ PTT'Q; — Q} [l

where the equality follows from the fact that Qf is the fixed point of IITD®, Q7 is the fixed point
of TD; the last inequality is due to ®II?TD is a « contration in infinity norm. Therefore,

- 1
||<1>Q?—Q2‘HooSﬁlléndQ;*—QZ‘lloo- (43)

Next, recall that the ZNE ’s row of I1¢ is the distribution of the state-action pair z conditioned on its
N coordinates being fixed to be zyx. We denote this conditional distribution of the states outside

of N, 2yx , given zyx, as d(zy~ |zn+). With this notation,

(°Q;) (anr) = > d(znn |2ye) Q5 (Znr, 2nr,)-

ZNEK
—1

And therefore,

(IIUQ;) (s 2ne,) = Y d(2yn |2ns)Q; (2nr, 2y )-

Further, we have

(@TQD) (2, 2, ) = Qi (2 2, )|

Z d(zgvfi|sz) (2w, ZNN Z d( an l2ns ) Q5 (2w, 2%, )
/

—i
<N A ane) |Q; (2n 2 ) — QZ‘(ZN5>ZNEZ.)|
Fn

—1

S cpl'é-i-l7

where the last inequality is due to the exponential decay property (cf. Definition 1 and Assump-

tion 2). Therefore,
II1°QF — Q} [l < cp™*

Combining the above with (43), we get the desired result

pm+1

l—v

19Q7 = Q; I <
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C.2. Proof of Lemma 5

Recall that the zy+’th diagonal entry of By, ; is bi.i(2 Nf)’ and we define similarly the zy+’th diagonal

entry of Bk,t to be Bk,t(sz)~ Using these notations, equation (20) can be written as,

::G(ZNf)

t—1

Qﬁ(ZNf) = Brfl,t(sz)QZ(ZNf) + Z bk,t(ZNf) [gk(Qf)] (ZNf)

k=1
t—1

+ Z akgk,t(ZN;)(ék(ZN;) + dr(2nr)). (44)

k=1

Notice that by definition, ZN)T_Lt(sz) + 22;17 b/c,t(ZN;) =1. Then,

(3

|G (2np) = Qi (2)] < b o (o) Q7 (o) — Q5 (2)] + i i (2 )9 (QF)] (2vz) — Q7 (2))]

~

b7 (ave) — Q)|+ 3 b e )9 (@] (2ave) — O (o)
k=T

K3

t—1
+ Z bt (2n)|Q7 (2) = Q7 (2w )|
k=T
B t—1
b1 (zne)|QF (2ve) = Q1 () +7 Y bia(an) 1QF = Q1
k=1
t—1
+> biea(zne) Q) — 205"
k=T
~ A t_l A~
<br 11 (2ve)|Q7 (2ve) — Q7 (2) [ 7 Y bt (2v) | PQF — Q5 [l
k=1
t—1
+2) bea(ane)1QF — Q7|
k=1
t—1
< 2¢cprtt
< Brris +v;bk,t(z]v;)§k + 55 - (45)

where in the thrid inequality, we have used that g, is «-contraction in infinity norm with fixed
point Q*, and in the last inequality, we have used the property of Q7" in Lemma 4. Combining

the above with (44), we have

&=1190Q! — Qi

t—1 t—1 t—1
~ 20p"5+1 ~ ~
< Br_14+& +ysu b (zne)Ep + + By i€k oo + aLB oo
< Bro1ibr +7 ZN? kE_T ot (2 )&+ 5 | ;—T k- Br€rlloo + || kE_T kBiee bl
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C.3. Proof of Lemma 6 and Lemma 7

In this section, we provide proofs of the two auxiliary lemmas, Lemma 6 and Lemma 7. We start
with the proof of Lemma 6.
Proof of Lemma 6. First, notice that A, ,» = € yp [vel, — eTNN] and b, = €y ri(2;). As such,

Nk ®
1Az 2 llo0 ST 47 <2, [[b2]loc <7

i

Part (a) can be proved by induction. Part (a) is true for t =0 as Q% = 0. Assume [|Q! || < et

Recall the update equation (16),

Ql=Q! " +aua[ri(zi(t — 1) +7Q  (znn( ))—Qi*(sz(t—1))]esz(t—1>7
or in other words,
Qi (t = 1)) = Q1 (awp (t — 1))+ [ra(zi(t = 1)) +79Q! (ewr (1) — Q1 (e (t = 1))]
= (1= a1)Q  (anr (t— 1)) + s [ri(zi(t — 1)) +vQL (2wn (1))]-

And for other entries of Qf, it stays the same as Qf‘l. For this reason,

Qoo < max(|QFloe, Q% (2ns (= 1))])-

Notice that

+ o1 (T + =
5 t—1 71_7 11—~

Qi (¢ = 1) < (1= )

which finishes the induction and the proof of part (a).

For part (b), notice that e, = (4, — A,)Q"*'™™ 4 b, — b,. Therefore, it is easy to check that by
part, (a), el <

For part (c), notice that, for any k
. A A F ~
1QF — QF oo = i [| Ak Q7+ bi[loe < ak_1[2ﬁ +7].

Therefore, by triangle inequality,

Q4" = Qi e < 277 +7 'S

k=t—T1

As a consequence,

HqﬁthSHAt—AtHOOHQE—QE‘T“Hmf[8—+4r Z ay, = 2€ Z Q.

k=t—7+1 k=t—7+1



Qu, Wierman, and Li: Reinforcement Learning for Networked Systems
Article submitted to Operations Research; manuscript no. OPRE-2020-09-597 45

Proof of Lemma 7. Notice that log(1 —z) < —z for all z < 1. Then,

oh
) < e o,

(1—0oay) =

Therefore,

t—1
_thl oh
T 1 a0 <kt
{=k+1

t oh
o Je=ri1 g

IN

_ _tttg
—e ahlog(k+l+t0)

k + 1 + to ) oh
t+to ’
which leads to the bound on f; and Bk,t.

For part (b),
h? (k+1+4tg)%*" < 2h?

2
<

B < (t+to)2"  (k+1t0)2 ~ (t+tg)2h

where we have used (k+ 1+ t)*"" <2(k+t,)?*", which is true when ¢, > 4oh. Then,

(k 4 tO)Z.:Th727

§ 2h2 t§ . 20h—2 2h’2 ' 20h—2
Bkt — (t+t )20}7, (k+t0) S (t—'l—t )20’h (y+t0) dy
1

oW 1 (4t 2 1
(t+to)2°" 20h — 0 o (t+to)’

where in the last inequality we have used 20h — 1 > oh.

For part (c), notice that for k —7+1</¢<k—1 where k > 7, we have a, < ﬁ < ki'io (using

to> 7). Then,
t—1 k-1 t-1 il
2ht h k+1+to>0h 2hT
< — <
kz_;ﬁk,te_zﬂaf—;ﬁk’tkv%o_kz_;k:—kto( P k+to

t—1
Z 4h*r Fty)7h2
(t+to) oh °

4h27 (t+1to)7" "
~ (t+to)" oh—-1
8h7‘ 1
o t—i—to

where we have used (k+1+10)"" <2(k+1)°", and ch—1> ich. O

C.4. Proof of Lemma 8 and Lemma 9
Since || S0 e Bridrllse < i Brlldk oo, Lemma 6 (¢) and Lemma 7 (c) directly leads to the
bound in Lemma 9. So, in this section, we focus on the proof of Lemma 8. We start by stating a

variant of the Azuma-Hoeffding bound that handles our “shifted” Martingale difference sequence.
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LEMMA 16. Let X, be a F,-adapted stochastic process, satisfying EX,|F,_, =0. Further, | X,| < X,
almost surely. Then with probability 1 — 0, we have,

t t
- 2T
Xl <. |27 XZlog(—
DIIENES TS

Proof of Lemma 16. Let ¢ be an integer between 0 and 7 — 1. For each ¢, define process Y)! =
X ite, scalar Vi = Xy, 1y, and define Filtration F¢ = F,44,. Then, Y, is Fl-adapted, and satisfies

EYkﬂ]}If—l =EXyrye| Frrte—r =0.

Therefore, applying Azuma-Hoeffding bound on Y/, we have

t2
P(| Y,f\Zt)§2exp(— =
k:kTZ—i-fgt 2 Zk:k7+€§t(ylf)2

);

i.e. with probability at least 1 — g,

Z Xirye| = | Z Yil<, /2 Z X%T+Z10g(%)‘

k:kT+0<t k:kT+L<t k:kT+0<t

Using the union bound for £=0,...,7 — 1, we get that with probability at least 1 — 9,

ZXt|<Z| > X,WH|<Z > XkTHlog ) < 27‘2X210g

=0 k:kT+£<t k:kT+€<t

where the last inequality is due to Cauchy-Schwarz. [
Recall that Lemma 8 is an upper bound on || 22;17 o By s€]|, where 22;17 o By s€), is a random

vector in RZNF ; with its zys’th entry being

t—1 t—1
Zakék(zzvf) H (1 —OéeJe(ZNf))’ (46)
k=1 l=k+1

with Jg(an) > o almost surely, cf. Lemma 4. Fixing zyx, as have been shown in (21), €, (2nx) is a
Fry1 adapted stochastic process satisfying Eek(an)|}'k+1 » =0. However, H@ k+1(1 — OéeCZz(ZN;))
is not Fpy1_,-measurable, and as such we cannot directly apply the Azuma-Hoeffding bound in
Lemma 16 to quantity (46). In what follows, we first show in Lemma 17 that almost surely, the
absolute value of quantity (46) can be upper bounded by the sup of another quantity, to which
we can directly apply Lemma 16. With the help of Lemma 17, we can use the Azuma-Hoeffding

bound to control (46) and prove Lemma 8.

LEMMA 17. For each ZNp, we have almost surely,

t—1 t—1 t—1
| Zakﬁk(zzvf) H (1—- aeaze(zzvf))‘ < sup <’ Z ﬁk(ZNf)ﬁk,t} + 25/8k07t> .
k=1

(=k+1 TSRoStmL N kot
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Proof of Lemma 17. Let p, be a scalar sequence defined as follows. Set p, =0, and

pe=(1— ak—IJk—l(sz))pk—l + ak—lek—l(ZNf)~

Then p, = >,_" axer(2nr) Z;Lrl(l — agczg(sz)), and to prove Lemma 17 we need to bound |p;|.

Let

ko=sup{k<t—1:(1- aka(sz))|pk| < ak|ek(sz)|}.
We must have ko > 7 since [p,| =0. With &y defined, we now define another scalar sequence p s.t.
Dho+1 = Pro+1 and

Pr=(1—_10)pr—1 + ax_1€x_1(2n5).

We claim that for all & > ky 4+ 1, ps, and p, have the same sign, and |py| < |px|. This is obviously
true for k = ko + 1. Suppose it is true for for £k — 1. Without loss of generality, suppose both p;_;

and pg_; are non-negative. Since k — 1 > ko and by the definition of ky, we must have
(1- ak—lqu(ZNf))pk—l > |Olk—1€k—1(ZNf)’-
Therefore, p;, > 0. Further, since Jk,l(sz) > o, we also have
(1 —ap-10)pr—1 > (1— O‘kfl(jszl(ZNf))pkfl > |ak716k71(ZNf)|~

These imply pr > pr, > 0. The case where both p;,_; and p;_; are negative are similar. This finishes

the induction, and as a result, [p;| <|[py|.

Notice,
t—1 t—1 t—1 t—1 ~
P = Z Oékﬁk(ZN,f) H (1= o) + Pro+1 H (1—-ao)= Z Gk(ZNf)ﬁk,t + Dig-+1Bko.t-
k=ko+1 t=k+1 t=ko+1 k=ko+1

By the definition of kg, we have

Pror1] < (1= kg iy (250)) [P | 4 g L€y (28| < 2008 [exy (22 )] < 206,

where in the last step, we have used the upper bound on /€, || in Lemma 6 (b). As a result,

t—1

Ipe| < [P < ‘ Z Ek(sz)Bk,t‘ + ‘ﬁkoﬂgko,t}
k’:k‘o—‘rl
t—1 B
< | Z ek(ZNf)/Bk,t‘ + ‘2akogﬁko,t‘
k=ko+1
t—1
= | Z Ek(sz)/Bk,t‘ + 2€Bkg,1-
k=ko+1
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With the above preparations, we are now ready to prove Lemma 8.

Proof of Lemma 8. Fix zys and 7 < ko <t—1. As have been shown in (21), Gk(ZN;)Bk,t isa Fry1
adapted stochastic process satisfying Eek(sz)ﬂkyt\ka_T =0. Also by Lemma 6(b), ]ek(zN{a)ﬁk,t\ <
€0+ almost surely. As a result, we can use the Azuma-Hoeffding bound in Lemma 16 to get with

probability 1 — 9,

t—1 t—1

B 2T

‘ Z Ek(ZNf)Bk:,t’ <E€,|27 Z B}%,t lOg(F).
k=ko+1 k=ko+1

By a union bound on 7 < kg <t —1, we get with probability 1 — 9,

— — 27t — 27t
sup | Z Ek(ZNf)ﬁk,t‘ < sup €,|27 Z Brs log(T) <€, |27 Z Bis log(T).
TShost=l g ko T<kost-l k=ko+1 k=r+1
Then, by Lemma 17, we have with probability 1 — 9,
t—1 t—1 B t—1
| Zakek(ZNf) H (1 —aede(zns))[ < sup <’ Z Gk(ZNf)Bk,t} + 256k0,t>
o I=kt1 T<ko<t—1 \ T

t—1
27t
<€, |27 Z 513,1:10%(7)4' sup 260y ¢

b1 T<ko<t—1

~ Th 27t _ h R+ 1+1\"
<26/ —log(— )+ su 2€ ( )
\/U(t—i—to) &( 1) ) Tgkogpt—l ko +1to t+to

Th 27t h
<% | — " og(Zly poe—
= E\/a(t—i—to) og(—5-)+ 2

Th 27t
<6Es ) — " i
_66\/0_(t+t0) log( 5 )7

where in the third inequality, we have used the bounds on /3 ; in Lemma 7. Finally, apply the union

bound over zyx € Zyr, and noticing that [N| < f(x) and |Zyx| < (SA) by Assumption 1, we

have with probability 1 — 6,

t—1 -
5 _ Th 27t(SA)f () ~ +h o7t

b = 1 = 66, | ——— [log(~ log SA].
||k2_;04k k,t€k||oo_6€\/o_(t+t0) og( ; ) 66\/U(t+t0)[og( )+ f(x)log 4]

O

C.5. Proof of Lemma 10
Throughout the proof, we fix ZNE and prove the desired upper bound. For notational simplicity,
we drop the dependence on ZNE and write by, and d, instead, and we will use the property dj, > o.

Define the sequence

t—1 1
N P —
€t kz_;— k.t (k+t0)w
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We use induction to show that e; The statement is clearly true for t =7+ 1, as

1
0 S Ao
Cry1 = bwﬂm =o.d, (Téo)w < ﬁ(7+11+t0)w (last step needs a, < %, (1+ %)w < -2 implied by

— ﬁ)
to>1, w<1). Let the statement be true for ¢ — 1. Then, notice that,

t—2

1 1
D N MR S S S—
t kz_;— Yktto)e T (E =T+ t0)”

t—2
_ 1 7 1
—(1—a,_1d,_ E bk 175 T adi T
( ““)k:T B N e (S AR
) _ 1
=(1—-oy_1di1)e;1+ap1diy ———
(L= ourdi)es TN - 14t
< (1= rdy ) ! +ad :
— oy id,_ zt ol
>~ tltlﬂ(t—1+t0) tltl(t—l—f—to)w

1
VAt =1+1)""

where the inequality is based on induction assumption. Then, plug in a;_; =

= [1 - at—ljt—l(l - \ﬁ)

, _
it and use d;_; >

o, we have,

r oh 1 1
<hi-—2" (- .
<l U Y Aasitw)
i oh 1 t+1to w 1
(LT
L t*1+t0( ﬁ)_ t*1+t0 ﬂ(t+t0)

r oh 1 1 w 1
=1-——(1- 1 :
I t—1+t0( f”.( +t—1—|—t0> VAt +t0)”

Now using the inequality that for any x > —1, (1+z) < e”, we have,

oh

1 d —gh (1 ) w
1o — " (1— } (1 > < o =Tt IV tWimTRg < 1,
i V) = ’ =
where in the last inequality, we have used w <1 and the condition on A s.t. oh(1—,/7) > 1. This

shows e; < W and finishes the induction. O

\/’7

Appendix D: Proof of Auxiliary Results for Analysis of Actor
D.1. Proof of Lemma 11

Recall that

T
~ 1 Am i(m
Gim) =37 S QP (s (1), (1) Vi, Tom ™ (s (1) 3:(1).
t=0 JENF
Therefore,
L1
1g:(m)|| < Z’Ytg Q5" (s (1), @ (1) Vo, 1og ¢ (as(1)]5:(1)) |
t=0 JENT
T - _
<> 9 Li < Li,
; 1- (1—79)?
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where we have used that HQTTHOO < 1= almost surely (cf. Lemma 6 (a)). As a result,

7

I
1—7)2

The upper bounds for [g(m)]|, [|h(m)|| and ||[VJ(6(m))|| can be obtained in an almost identical

way and their proof is therefore omitted. [
D.2. Proof of Lemma 12
Let G,, be the o-algebra generated by the trajectories in the first m outer-loop iterations. Then,

Theorem 2 implies that, fixing each m < M and i € N, conditioned on G,,_;, the following event
happens with probability at least 1 — 4:

A C.(0,T) ! 2cpt Tt

0(m) m,T
su X s,a) — Q7 (Snr,ans)| < ,
(s,a)GEX.A|QZ (,a) = Q" (s an)| VT +ty  THte  (1—7)?
where
6€ Th 2772 2 16ehT 27
T)= —1 | Al C =
Cal6.7) 1_WJ log(=5—) () 0g SAI, € = == max(= =, 77 (7 + 1)),

with € =4 + 27.

1—y
We can take expectation and average out G,,_1, and apply union bound over 0 <m < M —1 and

i € N, getting with probability at least 1 — 2,

R C (L T) C’ 2¢pttl
0(m) m,T a\gph> a 14
sup sup sup |Q; " (s,a) — Q7 (snr,anx)| < + +
mgM—lieN(s,a)esxA’ (5,0) (NZ NZ)’ vI+t T+ty (1—7)?
4 r+1
< _ (47)
(1—=7)
a(oin7.T) Ca 2cp"t?

where in the last step, we have used that our lower bound on T implies <

A/ T+t T+tg — (1-7)2°

Therefore, conditioned on (47) being true, we have for any m < M —1 and any i € NV,

=0 jENF
T
1 m Am (M
<D D@ (), a(t) — Q) (sN;(w,aN;(t))\HVeilogcf< Nai(®)]s:(1)
t=0 JENE
T K+1 Kk+1
SZ’Yt4Cp I 4cL;p :
—~ " (1-7) (1=7)
As a result,
R 4CLPK+1
_ < _=F
s ) —gm)] <

which is true conditioned on event (47) is true that happens with probability at least 1 — g. g
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D.3. Proof of Lemma 13
By Lemma 11, we have almost surely,

272 L?
(1=t

As 1, (VJ(0(m)),e*(m)) is a martingale difference sequence w.r.t. G,,, we have by Azuma Hoeffding

1V T (0(m)), €*(m))] < 1|V T (O (m))[[[[1(m) — g(m)[| < 1

bound, with probability at least 1 — 34,

> (VI 00m), 2m

0

D.4. Proof of Lemma 14
By (25), we have

CG(m) tQG (87 a)vei log Ce(m) (a|8)

=0
Z a~<0(m) tQa (87 a>v9i log Cfl(m) (ai|8i)
=0
where we have used Vy, log (*" (als) = Vi, 3 log ij(m) (aj]s;) = Vo, 1og /'™ (a,]s;). Also recall
the definition of h;() in (27),

T

1 6(m 6;(m
hi(m) :ZEswf(m),a~<9<m>(»\s)7tg Z Qj( '(5,a) Vg, log /'™ (ay]s,).

t=0 JENE

The rest of the proof is essentially the same as Lemma 3. For completeness we provide a proof

below. Combining the above two equations, we have,
Vo, J(0(m)) — hy(m)

T
0;(m m 1 0(m
ZEOESNWf(m)yaN@(m)(.S)rytvei lOgCZ ( )(ai‘si) |:Q9( )(57a) B ﬁ Z Qj( )(Saa)
t=

s K
]ENZ-

Gi m m
+ D0 E oo ot (1) Vo 108 6 (ai]s) Q7 (5, 0)
t=T+1
= El + EQ.

Clearly, the second term satisfies || Es|| < (IL ’) yT+1. For E;, we have

El Z]ESN‘[Ttg a~(9<m) 7 V@ ].Ogc 'm) |8 |: Z Q 'm) S CL:|

t=0 jEN"‘
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Lol (| '7 VG IOgCG (M)(a1|52)n Z [Q?(m)(saa) - Qi(m)(SNf>aNf)

t=0 JENE,

Mq

T
) 1 A
6;(m 6(m
_I_Z]ESNTrtG(m>7aN<9(m)('|s)’7tV6i 1Ong ( )(al|sz)g Z Qj( )(SN;)aNf)
0

JENF,
= E3+ Ey,
where Q?(m) is any truncated @) function for Q?(m) as defined in (9). We claim FEj is zero. To see

this, consider for any j € N*, and any ¢,

6;(m 0 m
Eswf<m>,awge(m>(_‘s)vei10g€¢( (a:ls:) Q5 )(SN;,GN;)

n .
v ) iz(WL) ai Si A0(r
=Zﬁw@ﬂﬁmwmeﬁw<”@wﬁ

NE, ANE
¢ (ails:) )
Zzﬂe(m) HC" (arls0) Vo, (a i|8i)Q?(m)(8N;7aN;)
01
_ Z 7Tf(m HCGe(m) ( ) SNn aNn Zv9 C aZ]s)
$,01:5—1,0i+1:n LF£i

=0,

where in the last equality, we have used Qf-(m)(s NJ'?,GN;) does not depend on a; as i ¢ NJ'; and

Zai Vi, Cfi(m) (ai|s:) =V, Zai Cfi(m) (ailsi) = Vp,1=0
For Ej3, by the exponential decay property, the truncated ) function has a small error, cf. (38),

sup QL™ (s.0) — QU™ (snrang)| < !

s,a

and as a result,
T+1
1—~"* Lic ..,

| Es|| < Licp™! p
1- (1=7)

Therefore,

L;,7 Lc
J(0 — h; = | By + .|| < ——4 AT+ : ot
Ve, J(0(m)) — hi(m)|| = || E2 + B3| < Tyl +(1_7)P ’

where in the last step, we have used

log <=2 1)1
1> 087 +(k+1)logp
log~y

and as a result, |[VJ(0(m)) —h(m)|| < 2(1 Spt O

)
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